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Editors Note:

Several inquires about what constitutes a "popular" article and
the receipt of several papers proposed as "popular" that are merely
repetitions of elementarv mathematics, mostly collegiate, prompt me to
offer a definition of "popular” which at least qualifies articles for
the MATHEMATICS MAGAZINE.

A popular mathematics article is one which any intelligent person
can read understandinglv., This implies that it is free from technical
symbols. except possikly those that occur in arithmetic. and that
its statements do not presuppose specialization in mathematics or
any other studies.
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Mathematical Analyst Keith Kersery loads jet transport flutter problem into one of
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problems now being approached. Scheduled for delivery early next year, the 704’s
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expense; and an extremely wide range of
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of insurance, retirement pension, etc.
Those interested in advanced work in this

field are invited to write E. W. Des Lauriers,
Dept. MA-34- 3.
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SYMMETRICAL TYPES OF CONVEX REGIONS

Andrew Sobczyk

Forewrd

A region C in the plane, or 1in vector space of any number of di -
mensions, 1s convex if whenever P, Q are points of C, the line segment
PQ is entirely contained in C. A region S is starlike if there 1sa
point & of S, such that for every direction, the intersection with
S of the ray or half-line from & in the direction is either the
entire ray, a segment with & as one end-point, or only the point &
(as may be the case if & is on the boundary of S). To facilitate
analytic rather than synthetic study of symmetry, in this paper so-
called gauge-functions are associated with convex and starlike regions.

For examples, the interior of a triangle is an open convex region;
the interior plus the edges and vertices is a closed convex region.
The interior of any non-convex quadrilateral, not having intersecting
sides, is a starlike region. The gauge-function for an ellipse C is
p(x) = [(xl/al)2 + (xz/az)z]i; C is the set of all points x for
which p(x) < 1,

A plane region R has tnvolutory symmetry in the origin if for
every point x = (x ,x,) of R, the point (-x ,-x,) is also a point of
R, Unlike a circle, ellipse, or parallelogram, a triangle does not
possess involutory symmetry in a point.

An ellipsoid with two equal semi-axes is generated by rotation of
an ellipse about the third axis, and therefore has complete rotational
symmetry about the axis. In this paper, we explore the possible types
and interrelat ions of rotational and involutory symmetries which may
be possessed by regions in n dimensional space.

Plane and solid analytic geometry, elementary group theory, and
some acquaintance with matrix algebra, or study of reference [2], are
sufficient for understanding most of the paper. For full appreciation
of section 2, however, it would be desirable to have a knowledge of
the elements of the theory of normed vector spaces.

1. Introduction

Section 2 is devoted to gauge-functions, which are functiong on
n dimensional vector space En to the real half-line [0,%], “closed” or
“compactified” by addition of an ideal point +®, It is shown that any
convex or starlike region has an associated gauge-functicn p(x) of
suitable nature, and conversely. (If the region is open, or 1f the
origin is interior to the region, the associated gauge-function does
not assume the value +®;) It is proved that any non-negative function
p(x) which has any two of the properties positive homogeneity, sub-
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additivity, convexity, must have all three properties, and is the
gauge -function for a convex region.

In section 3, after recalling for the reader the geometric meaning
of involutory symmetry in any subspace of En, 1t 1s proved that 1f
a region C has such symmetry in each of a set of complementary linear
subspaces Ll”'°'Lk of En, then C is symmetric with respect to the
origin (that 1s, the gauge -function for C is a Minkowski or Banach
norm on En). Possible regions which have specified sections Cl""’ck
in L1'°°°’Lk are discussed; a region C 1s said to be of standard type
with respect to Ly,...,L, 1f the projections of C onto Ll"“'Lk
coincide respectively with the sections of C in Ly, ..,[,. lere an
interesting question is the following: Is every convex region C in En,
after a suitable translation, of standard type with respect to some
choice of n one-dimensional subspaces Hl""’Hn which span En? (The
author has presented a preliminary report {3], which includes an
affirmative partial answer to this question, to the American Mathe -
matical Society.) It is also shown in section 3, by use of gauge-
functions, that the origin & is not a boundary point for any convex
set C which is symmetric in &, unless C is entirely contained in a
linear subspace Ek of En, k <n.

Generation of rotationally symmetric regions is discussed 1n section
4, and 1t 1s shown that the gauge-function for any such region may
be expressed in terms of lower dimensional gauge-functions. Also it
is proved that if a region C is invariant under any sub -interval of
rotations, then 1t 1s invariant under the rotations of the entire
interval 0 <¢ <27,

A region C which has involutory symmetry in complementary linear
subspaces Li"“”Lk is symmetric in the origin & because the product
of the corresponding involutions Vl,...,Vk i1s the negative identity
(-I); likewise C has symmetry in 6 if C is invariant under any set
of transformations whose product is (-I); some facts about possible
regions C which are invariant under various groups of transformations
are derived in section 5. In section 6, it is shown that for any
bounded convex or starlike region C with € in its interior, any
possible linear transformation T under which C may be invariant 1is
such that there exists a choice of basis vectors for En, with respect
to which T appears as an orthogonal trans formation. It is also shown
that 1f C is any region and T is any non-involutory orthogonal trans -
formation, then there exists a region J(C), not essentially dilerent
from C, such that TC equals UJ(C), where U is an involution. Finally
in Section 7, there 1is a discussion of so-called “composite” regions,
that is, regions which correspond to lower dimensional regions, 1n an
analogous way to the correspondence of rotationally symmetric regions
to lower dimensional spheres.


http://www.jstor.org/page/info/about/policies/terms.jsp

1956) SYMMETRICAL TYPES OF CONVEX REGIONS 177

2. Gauge-functions

If x = (xl,...,xn) 1s a point of E;, where the coordinates are
with respect to any particular basis, then for any real r, the multiple
rx = (rx;,...,rx ) 1is also a point of E,. For any set R of E , we may
consider the set rR which consists of the multiples r» for all x inR.

For a convex or starlike region A, located so that the point
¢, contained in or on the boundary of A (in case of ccnvex 4, & may
be any such point), is the origin of E,, we define a gauge -function
p(x) on E  to be the infimum (greatest lower bound) of values of
r>0 for which x is contained in rd; if x is in r4 for no positive
r, we define p(x) = +o. If A is unbounded in the direction x, the
infimum is zero. We define also p(6) = 0. (Compare with [1].) It
follows immediately from the definition that p(x) is positive homo-
geneous; that 1is, that p(ax) = ap(x) for all a > 0 (wit the under-
standing that a+(+w) = +» for all a > 0).

If p(x) 1s the gauge-function for A, then evidently A contains all
points x for which p(x) < 1, and is contained in the set for which
p(x) £ 1. If it is desired to consider regions A which do not contain
all points for which p(x) = 1, let such points which are not in 4 be
omitted from the domain of definition of p(x). With this convention, 4
in any case is the set of x for which p(x) <1,

Even if no points are omitted from the domain of definition of
p(x), the set A of all x for which p(x) £ 1 may not be closed. This
is shown by the example p(x) = 0 in an open angular sector of the
plane, p(9) = 0, and except at 8, p(x) = +o outside the sector.

For the main purposes of this paper, there is no loss of generality
in assuming that the regions A considered are such that no points of
E are reaquired to be omitted from the domain of definition of p(x).
Therefore, throughout the rest of the paper, let it be understood
that this assumption is made.

REMARK 2.0, If Py and p, are the gauge -functions for two starlike
or convex regions S, S,, then it follows immediately from the
definition of gauge-function that S, &S, if and only if pl(x) >
pz(x) for all x in E .

Theorem 2. 1. Any positive homogeneous, non-negative function
p(x), with p(8) = 0, is the gauge-function for a starlike region A
with respect to O, and conversely any starlike region A has an
associated positive homogeneous function p(x) such that A is the set
of all x for which p(x) < 1.

Proof: The converse has been established above. Let A be the set
of x for whichp(x) < 1. If x # 6 and p(x) < 1, then. the segment
{cx}, 0 £ ¢ < a, where plax) =1, is contained in A by positive
homogeneity; in case p(x) = 0, the ray {cx}, 0 < ¢ < ®, 1s contained
in A; therefore A is starlike.
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A function q(x) on E is subadditive 1f q(x+y) < q(x) +q(y) for
all x,y 1in En. let any positive homogeneous, non-negative, subadditive
function ¢q(x), with q(€) = 0, be called a pseudo-sub—orm; and
a pseudo -semi-norm in case g{x) < +® for all x in En. Let the prefix
pseudo- be dropped in case g(x) > 0 for all x # 8. For convex
regions we have the following theorem.

Theorem 2.2. Any pseudo ~sub-norm q(x) is the gauge -function for
a convex region C, with the origin O interior to or on the boundary
of C; and conversely, the gauge function for any convex region C is
a pseudo -sub-norm. A similar statement, with “pseudo-sub-norm” re-
placed by “pseudo-semi-norm” may be made, in case 0 is interior to
C. In both statements, the prefix “pseudo-" may be dropped in case
C s bounded (in a Euclidean metric on E ), except that a sub-norm
q(x) which is not a semi-norm (q(x) = +o for some x of E,) may cor-
respond to an unbounded C.

Proof: We first establish the converse statements, by proving that
the gauge -function p(x) for C, as defined ahove, has the required
properties. For € and any x in E., we have p(8+x) = p(x) < p(8) + p(x)
since by definition p(8) = 0. If x,y of E, are both diflerent from
6, we have the following possible cases: (1) p(x)=p(y) = 0;
(11) + > p(x) >0, +2> ply) 2 0; (i11) +» = p(x), +2 > p(y) > 0.
In case (i), for arbitrarily small €, there exist x',y’ ' in C such
that x = ex', y = €y', and by convexity of C and positive homogeneity
of p, we have p(Ux'+ Y%y') <1, p(x' +y') £2, plx+y) = ep(x’ +y')<
2¢; therefore p(x +y) = 0 < p(x) + p(y), and p is subadditive as
required. In case (ii), let p(x) = k, x' = x/k, y' = y/c, where
¢ = p(y) if p(y) > 0; otherwise ¢ may be positive and arbitrarily
small. Then p(x’) = 1, p(y’) = 1 or O, kx'/(k + ¢) + cy'/(k + ¢c) =
(x + y)/(k + ¢), and by convexity of C and positive homogeneity of
p, we have p(kx' + cy")/(k + ¢) =pl(x + y)/(k +c)] < 1, or
p(x + ¥y) £ k + c. Thus, we have either p(x + y) < p(x) + p(y), or
p(x +y) <p(x) + ply) +c for arbitrarily small ¢, and p is sub-
additive. In case (111), since p 1s non-negative and in particular
p(y) # -, we have p(x) + p(y)= +0 2 pl(x +y),for all x,y 1n E,.
If 6 is interior to C, then every point y # 8 of E, is of the form
cx, with ¢ positive and x 1n C; therefore p(y) < +x, the cases where
p =+% do not arise, and always p<+» , sop 1s a pseudo-semi-norm.
IfC is bounded, then for each y 7 6 there will exist a positive r
such that y is not in rC, and the cases where p = 0 do not occur;
that is, p is a sub-norm or semi-norm.

Verification of the direct statements of the theorem is i1mmediate:
If g(x) is a pseudo-sub-norm, then the region C defined by q(x) <1
is convex, and has ¢(x) for 1its gauge -function. For 1f x,y are in C,
then by positive homogeneity and subadditivity, g[ex + (1 -e)y] <
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eq(x) + (1-e) qly) £1 for any e in 0 < e £ 1, since by hypothesis
g(x) <1, q(y) < 1. If g(x) is a pseudo-semi-norm, then g(x) < +
for all x of £ ; that i1s, x 1s in rC for some finite r, and & must
be 1nterior to C.

If q(x) is a semi-norm, q(x) <+ and q(x) > 0 for all x # 6. The
function r(x) = q(x) + q( =) has the property r(bx) = |b] r(x) for
all real b, since r(bx) = q(bx) + q(-bx) = r(-bx); therefore r(x) is
a norm. Similarly s(x) = max [q(x), q(-x)] 1s a norm. It 1s well-
known that any norm on En 1s 1somorphic with the Fuclidean norm; that
1s, any norm r(x) is bounded and bounded from zero on the Fuclidean
unit sphere | x|| = 1. By compactness of the unit sphere, any infinite
sequence of polnts on the sphere has a subsequence {xi} which 1s
convergent to a point x of the sphere. Assuming that C = {x|q(x) < 1}
is unbounded, that is, that q(x*) = 0, we have rixt) = qg(x?) +
g(-x*) = r(x) since r is a norm, or r(z) = q(x) + q(-x)= d =lim q(-x%).
Since by hypothesis g(x) > 0, g(x) > 0, we have 0 < q(x) < d,
0 < g(x) < d. But since q(x!) - 0 and s(x) is a norm, s(x!) =
max [ q(x%), q(-x')] = lim q(x%) = d = s(x) = max [q(x), q(-x)], so
either g(x) or g(-x) is equal to d. From the contradiction it follows
that C must be bounded.

Finally, the exception at the end of the statement of Theorem 2.2
is established by the following example: For points x = (x,, ...,xn)
of E , define q(x)= x,/b, b >0, for x, >0, q(8) =0, and g(x) =+
for x # 0, x, < 0. Then ¢ is subadditive, positive homogeneous, and
q(x) > 0 for all x Z&; that is, ¢ is a sub-norm, but C = {x|q(x) < 1}
consists of the unbounded slab 0 < x < b and the boundary point 6.

A function g(x), on En or a convex subset of En, to the real
number line compactified by the addition of both -» and +®, is comex
in case qlex + (1 -e)y] < eq(x) + (1-e) q(y), for all x,y 1n E and
e1n 0 < e < 1. If g is defined only on a convex proper subset of
£, define q(x) =+ through the remainder of £ ; this does not change
the convexity of q. The set C, of all x for which q(x) <k, for any
constant k 1in [-3% +] 1s either empty or convex. For 1f x,y are 1in
C,, we have glex + (1 -e)y] < ek + (1 -e)k = k; that is, ex + (1 -e)y
is in Ck’ and Ciis convex by definition. Similarly C, = {x|q(x) < o}
is convex. Thus, there is associated with every convex function q(x), a
one -parameter family of convex sets {C;}, together with a convex set
Co which includes C, for every finite k.

If f(t) is any monotone non-decreasing, ccnvex function on [-c0,ad
to [0,0], for example the exponential function, and if g{x) is convex
on E_, then flg(x)] is convex. For we have f{glex + (1 -e)yl} <
f{eq(x) + (1 -e)q(y)} < eflq(x)] + (1 -e)f[q(y)]. Therefore, to

every convex function with range in [-o,], there correspond convex
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functions with range in[0,®], which have the same associated family
of convex sets 1n En.

If p is a convex function with range included in [0,x], then unless
p(x) =+ for all x in E,, there exists a point w 1in £, such that
p(w) < . The convex function r(x) = p(x + w) then has r(8) < o, and
the associated family of r(x) is a translated associated family of
p(x). In case the infimum h of p is attained at a point of E_,this
point may be taken as w, and r(x) =p(x + w) -h will be a non-negative
convex function, with r(8) = 0, having essentially the same associated
one parameter family of convex sets as an arbitrary convex function
g with range in [ -ogw] which attains its infimum. If the arbitrary
function q does not attain its infimum, then the equivalent (in the
sens v of having the same associated family) non-negative function r
must have r(8) > 0, and r(x) > 0 for all x in E_, but 1nf r(x)=0.

In case r(x) is a gauge -function for a region C, the region
r(x) < k, for each k, is similar or homothetic to the region C =
{x|r(x) <€ 1}, This is not the case for the family of convex sets
associated with a general convex function. We have, however, the
following theorem relating non-negative convex functions with r(8) = 0,
and gauge-functions.

Theorem 2.3. For functions r(x) with domain E , and range included
in [0,0), withr(6) = 0, any two of the properties subadditivity,
positive homogeneity, convexity, imply the third.

Proof: Suppose first that r(x) is positive homogeneous and sub-
additive. Then respectively by subadditivity and positive homogeneity,
rlex + (1 -e)y] < rlex) +r[(1 -e)y]l =er(x) + (1 -e)r(y) for
0 <e <1, sor(x) is convex.

Suppose r(x) is positive homogeneous and convex. Then respectively
by positive homogeneity and convexity with e =%, r(x + y) =
2rVax +%y) < 2r(x) + r(y)] =r(x) + r(y), so r(x) is subadditive.

Suppose r(x) is subadditive and convex. For b >1 between integers
nandn +1, let b =n +d=(1-d)n +d(n + 1). Then by sub -
additivity r(nx) < nr(x), r{(n + Dx] < (n+ 1)r(x), and by
convexity r(bx) = r[(1-d)nx + d(n + 1)x] £ (1 -d)r(nx) + dr((n + 1)x]
<1 -dnr(x) +d(n + D)r(x) =[(1 -d)n + dn+1))r(x) = br(x).
Ifa=1/b, y = bx, then by the preceding inequality, r(y) < br(y/b),

[r(y) /) <r(yp), or ar(y) < r(ay) for 0 < a < 1. On the other hand,
r(ay) = r[(1 -a)6 + ay] £ (1 -a)r(0) 4 ar(y) = ar(y), by convexity.
Therefore, r(ay) = ar(y). For b > 1, let x = (y/b) = ay; then r(x) =
(1/b)r(bx), or r(bx) = br(x) for all x in E; and b > 1. Therefore

r(x) is positive homogeneous.
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3. Involutory Symmetry in Complementary Subspaces.

It follows immediately from the definition of gauge-function, that
a convex or starlike set K is symmetrical in the origin &, if and
only if its gauge-function q(x) has the property q(-x) = q(x) for
all x in £,. Let any gauge-function with the latter property be
called symmetric. We have the following theorem concerning symmetric
gauge-functions.

Theorem 3.1. A4 symmetric pseudo-semi-norm p(x) is a pseudo-norm.
For any symmetric pseulo-sub-norm q(x), i1f L is the smallest linear
subspace of E, which contains the subset of E, where q(x)<w, then
q is a pseudo-norm on L, and q(x) = » for all x in the set (E, -L).

Proof: If p(x) is a symmetric pseudo-semi -norm, then by hypothesis
p(-x) = p(x), and for @ > 0, pt-ax) = ap(-x) = ap(x), so p(x) has
the property of homogeneity, which is required 1in order that it be
a pseudo-norm,

Let L be the smallest linear subspace which contains the set C =
{x|q(x) < x}. If L contains a one-dimensional subspace E;, then by
symmetry if x ¥ 6 is in C and in E,, q(-x) = q(x) <o, so E, =C.
If C contains a linear subspace E,_,, of dimension (k -1), and an
element y not in E, ,, then by symmetry q(-y) = q(y), and by sub-
additivity and positive homogeneity, g{x + cy) < q(x) + cq(+y) for
any ¢ >0 and x in £, ;, so g is finite in the linear subspace £,
spanned by E, , and y. Therefore L = C, and g 1s a pseudo-norm in L.

Theorem 3.1 suggests the following definition. A convex region
or set K in E, is a convex body, in case the gauge- function gq(x) for
K has the property that C = {x|q(x) < 2} 1s not contained in any E,
for k < n. The geometric meaning of Theorem 3.1 is that the origin &
is not a boundary point of any convex body K which is symmetrical in 6.

Any transformation U/ of En onto En, such that U? = I, where I 1s
the identity, is an involution. A region C which is invariant under
an involution U # I will be said to have tnvolutory symmetry. Sym-
metry in the origin & is one type of involutory symmetry; for this
symmetry U = -I. The only 1invariant point of / = -T is the origin 6.
If L 1s any linear subspace of E_, there exist linear involutions U
which have L as a pointwise invariant subspace. For 1f the dimension
of L is m, suppose that o), ..., o , o 4, ..., x are a basis for
En, where o, ce.,  are chosen to span the subspace L. Then we may
define U by the equation Ur = x oy +...+ x o - x 0 .= ...
where (x,, ..., xn) are the coordinates of any point x 1in E; with
respect to basis {OLI.}° (We may denote the matrix corresponding to

-x o,
nn

any linear transformation U by the same letter U.) For the involution
just defined with respect to basis {o; }, the matrix U/ has diagonal
form with Im, -1 _, on the diagonal, where Ik denotes the k dimensional
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identity matrix.
Conversely, we have the following:

Lemma 3.2. Any linear involution U has a pointwise invariant sub-
space L, and there exists a choice of basis such that matrix U has
diagonal form with I, -I, ., on the diagonal, where m is the di -
mension of L.

Proof: The only possible eigenvalues of an involution are #1. For
it Ux = tx, we have U?x = x = tUx = t?x, t2 = 1, t =4+1. From this
1f follows that the basis may be chosen so that matrix ' has suwer -
diagonal form (elements below the diagonal are all zeros) with I,
- Lz_mon the diagonal, where m 1s the multiplicity of eigenvalue +1.
(See [2].) For example, the matrix I/ = ,g_?[has the property U2 =T,
and so defines an involution.

To show that the basis may always be chosen so that elements
above the diagonal, as well as below, are zeros, we 1introduce the
notion of the two associated projections of any involution U/. A
projection is any linear transformation P such that P2 =P, since
U2 = I, the transformations P = %(U + I) are projections. A pair of
subspaces Ly, L, of En are complementary subspaces 1f each x 1n
En has a uniaue expression in the form x = x; +x,, x; inl,, x, 1n
L,; uniqueness implies that L, 1 L, = €. For any projection P, the
subspace L, = {x|Px = x} and the null subspace L, = {y|Py = 6} are
complementary subspaces, since each x in En has the unique expression
x=Px + (I -P)x, Px inl, (I- P)x 1in L,. For P = % + I), sub-
space L, is the pointwise 1nvariant subspace of involution U = 2P -1,
and subspace L, has the property that sz = - x, for all x, 1in L,.
(Accordingly we say that [/ is an involution in subspace L , through
subspace LZ.) For any involution U, basis {aj} may always be chosen
so that oy, ..., @ span Ll' and o 4, ..., ®  span Lz; for thas
choice, matrix U has the required form. (If an element u, . above the
diagonal were not zero, the product of U into the column vector
(5'k)' where 6jh 1s the Kronecker delta with j fixed, would be a

column vector with u; for i’th coordinate, contrary to U(Sjk)ri(ﬁjk).)

Suppose that E, is decomposed 1n any way 1nto k complementary
linear subspaces, En = L1 8L, 8... ® Lk’ That 1is, each x in En has
a unique decomposition X = x; + ... + X, x; in Lj, for j =1, ..., k.

We shall write also x = (xl, cees X

Theorem 3.3. Let p(x) be the gauge- function for a convex region
C in E,. If C has involutory symmetry through each of the complementary
subspaces Lyoons Lk; that is, if for all x = (xl,...,xk) in En,

p(—xl, Xy, e, xk) = p(xl, PV xk)

p(xl, Xy, ..., xk) = p(xi, Xy, wens xk)
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plxy, xy ooy —x,) = plxy, x,, ..o, xk),

then C is symmetrical in the origin 6, and p(x) is u norm or pseuwlo--
rorm for E .

Proof: For each y ¢ £ , y = (yy, --., v,), apply in succession
the equations in the statement of the tlieorem, as follows:

POy ey yon ey )=p oy oy y gy = mp oy g )

Thus for all y € £, p(y) = o(-y), which implies that p is a norm
in case p(y) > 0 for all y # &; otherwise p is a pseudo-norm. (Remark:
In the latter case, C i1s a cylinder, and is unbounded; that is, C
contains entire lines of £ . If M 1s the linear subspace of all x for
which p(x) = 0, p determines a norm for the guotient-space En/M, and
C is the Cartesian product of ¥ and the unit sphere for the norm 1in

E /M)

befinition 3.4. If p(x) = p(x,, ..., xn) 1s the gauge-function
for a convex region C € E_, the convex regions Ce1 e en € =41,
j =1, ..., k, corresponding to the gauge-functions
P =
'81'--~'ek(x) plex,, ..., ekxk)’

are called isomers of C, or convex regions isomeric to C.

Let Cy, ..., Ck denote the sections of a convex region C in the
complementary subspaces L,, ..., L, . Then the gauge-function for
the section Ci is Di(xj) =p(6, ..., 0, x5 6,..., 8). Conversely,
if Cy, ..., G, are arbitrary convex regions in Ll,, ..., L,, each
containing &, with gauge-functions pl(xl), cee pk(xk), then there
are many different convex regions C having C;, ..., C, as sections.
One such region is the Cartesian product of Cyy ..., G, another is
the convex hull of Cy, ..., C,. Let the gauge-functions be cylindrically
extended to E : pj(xi) = pj(x) = pi(xl, R 7Y Then

. . J .
evidently the gauge-function for the Cartesian product 1is o(x) =

maxjni(x), and the gauge-function for the convex hull is q(x) =

k

]'E:l Dj(’)~

A class of intermediate regions between the convex hull and the
Cartesian product correspond to the gauge-functions

k
p(x) =[= |pi(x)|']1/’, 1<r <o,
j=t
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(We use a similar terminology for the pointwise invariant subspace
arnd the null subspace of aprojection P, to that used for the associated
involution U= 2P — I: P is a projection through the latter subspace,
onto the former subspace.)

For a convex region C 1in En, let Di' ..., D, be respectively the
projections of C onto L. through L, ® ... 8 LJ._1 ® Lj+1 8...08L,,
7 =1, ..., k. Then 1n general the projection' D, is a convex region
in L. which includes the section C. as a proper]sub-region; for the
convex hull and Cartesian product of the sections, and the inter-
mediate regions mentioned above, however, C, =D, ..., C, = D,.

Definition 3.5. A region C 1n L is of standard type 1n L1' ey
Lk 1f for each j =1, ..., k, the projection of C turough L1 9

. L]._1 8 ;.1 .- 8L, ontol,; coincides with the section of C in Ly
For each x 1n £, let x = x; +v;. where xjeLi, and yie(L1 8 ...
L,..1 bL,,98...8 L,). Then evidently the zauge-function for the
projection D; of Cis n;(x;) = inf p(xy, ..., %), the infimunm

beine taken, for fixed x;, over all Vi T ERp e il X e % )

such that (xi + yi)EC.

Theorem 3.6. If Cl. e, Ck are convex regions respectively in
Ll' e, Lk' each containing the origin €, then any region C which
has Cy, ..., C, respectively for its Ly oo, ., sections, has a

gaupge -function which coincides with the gauge-functions pl(xl), cee,
py(x,) in Ly, ..., L,; conversely, any gaupe-function which coincides

with ni(xj) in each Li 1s the gauge-function for a convex region
having C, ..., Ck as sections in Ll' e, Lk' In case C is of
standard type in Li' ceey Lk' the gauge-function satisfies the in -
equality o(x) < p(x) £ a(x), where o(x) and q( x) are as defined above;
conversely, any gaupe-function which satisfies this tnequality ts
the pauge-function for a convex region of standard type, which has

Cy «v., G for its Ly, ..., L, sections.

Proof: Since a region C always contains the convex hull of 1its
sections Cy, ..., Ch' 1t 1s obvious that C 1s of standard type 1f
and only 1f 1t 1s contained 1n the Cartesian product of 1ts sections.
The theorem 1s evident from this fact, and from Bemark 2.0. The
followinz proof is given as an illustration of the use of gauge-
functions.
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The first statement, and converse statement, follow from the de -
finition of gauge-function and remarks above preceding the statement
of the theorem. For the second statement, suppose that C 1s of
standard type. Then n.(x.) = inf p(x) = p.(x.); therefore o(x) =

max pj(xi) < p(x). By the triangle property of the gauge-function p(x),

k
p(xy, ..., xk) < 2: nj(xi) = q(x).

i:l

(Mhe part p(x) £ g(x) of the inequality is satisfied whether C 1s of
standard type or not.) For the converse, if x = x., o(x.) = q(xi) and
o(xi)S p(x.) < q(xi); therefore the L. section of C1s C., j =
.., k. Also n.(x.) = inf p(x) = o(xf) = pi(x.), since pi(ﬁ)
i Z7, and p(x) < q(x), so the projection D. coincides with C., j
vee, k, and C = {x|p(x) € 1} 1s of standard type. !

L,
0,
1,

4. Rotationally Symmetric Regions.

By suitable choice of basis {a.}, the matrix R for any rotation
of En may be put 1n block-diagonal form, with blocks

cos P sin ¢y cos ¢h sin ¢,

v ; ceey, ' ’ In_zhl
-sin P, cos Py —-s1in $h cos 1%

on the diagonal, where In—Zh is the (n -2h) dimensional 1dentity
sub-matrix, all other elements of R beinz zeros. (See [2]).) The sub-
space L, spanned by %opsqr +o-» % 1s left pointwise invariant by R;
we say that R 1s a rotation of En about L. (In case n = 2h, no sub-
1dentity matrix In—2h 1s present in the block-diazonal form; subspace
L, is zero-dimensional, and consists of only the origin £.) Any
orthogonal transformation T of En, which has h pairs of conjugate
complex eigenvalues * exp (10.), has a canonical form which is the

same except that In-2h 1s repfaced by In—2h—s’ I where s 1s the

s’
multiplicity of eigenvalue -1 of T.
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For (n-2h) > 0, let V be any involution of an (n —h) dimensional
linear subspace E -h of E , through an h dimensional subspace LZ’ and
therefore in an (n ~2h) dlmen51onal subspace Ly, of E _,. (In case
n = 2h, L 1s zero-dimensional, and consists of only the origin &.)
Suppose that oy, 4, ..., o span Ly, that oy, ... 0 span L,, and
that By, ..., Bh together with thie preceding vectors span Enu Denote
the coordinates of a point of F , with respect to this basis, by
(xl, Yir wven Xps Ypu Xppags cees xn), where y,, ..., y, are the
coefficients of g,, ..., By - Let Vl, el Vh denote the 1nvolutions
of En‘h through the one-dimensional subspaces respectively spanned
by Oy, wee, O in the (n —h - 1) dimensional subspaces spanned by the
remaining vectors of the basis a, Cee O LGy e, O for En-h’

If K is any convex or starlike region in E ., which has involutory
symmetry under V,, ..., Vh then a region C 1in En which 1s 1invariant
under the rotations R, for all $;, ..., # 1n 0<¢y < vnn, 0 <
¢ < 7, 1s generated by rotating K about Li’ That 1s, 1f the column
vector (x,, 0, ..., X, 0, Xopetr =oo xn) is any point of K, then

all points of the form
(xycos Py, —xsin Py, ..., x,cos ¢, -x,s1in ¢%, Xopstr oo xn)

are points of C..Involutory sy mmetry under V}, J = 1, eee, h, 1s re-
quired so that points of K corresponding to ®, =7, $,=0 or 7, k £
agree with rotational symmetry under all rotations R.
Similarly, a region which is invariant under the class of orthogonal
trans formations T corresponding to the h dinensional torus 0 < $,< 7,
., 0 <, <7, 1s obtained by rotating any region K in E_ _,, which
ls invariant under the involutions (I, _,-I ) and V,, ..., V,, about
, (where s is the multiplicity of elgenvalue -1 of T%

In terms of gauge-functions, 1f for the region K the gauge-function
in (n - h) coordinates 1s g(xl, cees Xy, th#l, e, xn), the re-
quilrement on g 1is that g(.. —’ ) =gl % . .) for j=1, ..., K
and in case of T, also that g(...-x _  1,....,~x, )-g( n_s+1,...,xn).

The gauge-function for C then is defined by

D(xl, Y ceer Xpo Yoo Xgpaqs oo xn) =glry, ..., VR A xn),
where r. = (x? ¢ y?)*, for j = 1, ..., h. Conversely, any region C

which is invariant under the class of rotations R, or under the class
of orthogonal transformations T, must be related to an (n-h) di-
mensional region K with involutory symmetry, in the manner which has
been described. This follows since the gauge-function p for C then

determines a gauge-function g as above.
A convex or starlike region of rotation may have additional sym-
metry to the symmetry corresponding to 1invariance under all rotations
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of the canonical block-diagonal form with two-dimensional blocks.
Although any particular rotation may be put in the canonical form,1f

fixed basis vectors {ui, ﬁi} are retained, that canonical form does
not represent the most general rotation about the (n-2h) dimensional
subspace L;. The sections parallel to the (2h)-dimensional subspace
L;, perpendicular to L, for a region C, may 1n particular be solid
(2h)-dimensional spheres, or cylinders which are products of lower
dimensional solid spheres. Let 7. denote the plane spanned by
a., B., J =1, ..., h. For invariance under all rotations of the
canonical form, with {«., B.} fixed, all that is required is that
the sections by the planes Miw eeey T be circles. In general C may
be invariant under a class of rotations corresponding to block-
diagonal matrices, with rotational blocks of dimensions ke, «on,

Ry 14 ki 22, j=1, ..., (m-1), and an identity or involutory di-
agonal sub-matrix J of dimension k., with ky + ... + k

In terms of gauge-functions, if g(ry, ..., r,_y, x, NESTRIEY x,)
is the gauge -function for any [m + (n -k, + 1)] dimensional region
K, such that g(...-r....) = g(...g o), 7 =1, ..., (m=1), and

g(...J(xn-km+y
p for a region C invariant under the larger class of rotations is

J
v x) = g(...xn_km+1,...xn),then the gauge-function

given by

plxy, wovy x) =glry, oo, Talys Xp g el X)),
where m

— 2
= [(xjo+1)

+ ..+ (x )21, =1, ..., (m=1).

Jo+kj
We have the following theorem concerning a region C which is in-
variant under a sub -interval of rotations.

Theorem 4. 4. If a region C in E_ is invariant under a set of or-
thogonal transformations T (¢), corresponding to all ¢ in an interval
0 <a<9p<b<?2m, a<b, vhere the matrix for T(¢) is in the can-

. ) ) cos ¢ sin ¢ )
onical form with one variable block . , then C is

-stn@® cos ¢
tnvariant under the set of orthogonal transformations T(®) for all
® in the interval 0 < ¢ < 2m,

Proof: Let C($) denote the image of C under T(¢). Let Ap > 0 be
any increment less than (b -a). Since by hypothesis C(0) = C(a) =
Cla +A¢), we have C(Ap) = Cla +A¢d) = C(a +2A¢) = C(0) = Cla + 3Ap) =
-+.. In this way, by suitable choice of.A¢, any value in the in-
terval 0 < ¢ < 27 may be reached. From this the theorem follows.
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5. Invariance Under Groups of Transformations.

A region C which 1s symmetric with respect to the origin & is
invariant under the cyclic group of order 2, which consists of the
two transformations I, -I. A region which has 1nvolutory symmetry
through complementary subspaces, as 1n section 3, 1s invariant under
involutions V,, ..., V, through Ll’ .++, L,; theorem 3.3 follows from
the fact that the product of the transformations Vl' e, Vk is the
negative identity. Similarly 1f C 1s invariant under any transformation
T such that T™= -J for some integer m, or under any set of trans-
formations whose product is -I, then C 1s symmetric with respect to 6.

Denote diagonal matrices, with elements d,, ..., dn on the diagonal,
by [dy, ..., dn]. If the gauge-function p for a three -dimensional
region C 1s invartant under the diagonal involutions U = [-1, 1, 1],
V=11, -1, 1], W= [-1, -1, 1], then C is invariant under the “Klein
Fours Group”, consisting of the transformations I, U, V, W, and is
not necessarily symmetric with respect to & (invariant under -I). An
equilateral triangle is invariant under a cyclic group of order 3. If
C is invariant under a cyclic group G of order 4, then C is symmetric
with respect to & if and only if G contains -I; this will be the
case 1f G consists of I and the powers of a transformation Z such
that Z2 = -I. (For this necessarily all eigenvalues of Z are #1;
therefore, the dimension must be even and every diagonal block in

0 +1

the canonical form must be - .) If C is invariant under a

+1 0
group G containing a transformation W such that W= -I (like the
cyclic group of order 5 consisting of the powers of a planar 60°
rotation), then C 1s symmetric with respect to &.

Theorem 4.1, together with Theorem 6.2 below, 1mplies that the
group of symmetries of any bounded convex or starlike region C, 1is
either a discrete group (possibly consisting of only the identity), or
the product of a discrete group and lower dimensional full orthogonal
groups.

6. Invariance Under A Non-singular Linear Transformation

If T is any non-singular linear transformation such that the real
ergenvectors of T, and the real and imaginary components of the com-
plex eigenvectors, together span the real linear space ﬁl, then as
shown 1n [2], T has a diagonal block form [t141'°“'thAh’t2h+1""'tn]'

+ ¢ = .. . L = -
where ,tj exp (z¢j), t;> 0, j Loy hy by, 0t 1, ,
) cos p. sin b.
(n-2h) are the eigenvalues of T, and 4. = o 7], If C
J -sin ¢y cos ¢?
is & convex or starlike region, with gauge-function p(x), then if
C is invariant under T, we must have p(T™x) = p(x) for all integers
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m. The matrix for T" is [¢] AT, ... tp Ap, t%, . ... th], where
. cos 9. -sin ¢.

1n case m is negative, A~z A(-¢ ) = ] 1 Y. For co-
] J A sin $i cos $i

ordinate %, ,; of x, by positive homogeneity we must have, 1in cases

toner > 0, allm, or topat € 0, m even,

— m
p(0, ...0, Xypstr 0, ...0) = t2h+10(0' ...0, Xope s 0, ...0),
and wu case ty, 4 < 0, m odd,

p(0, ...0, xp, 1, 0, ...0) = |¢%, | p(0, ...0, =z, ,,, 0, ...0).

If |t2h+1l #1, this implies p(0, ...0, Xype10 0, .0.0) = 0 or @,
so either C contains the ray {ca2h+1}, ¢ >0 (C contains the entire
lIine 1if tohet < 0), or 6 1s a boundary point of C for the direction
%yps1 (for the directions o,y if ty, .4 < 0). For a bounded region
C with 6 interior to C, we must have |t2h#1| = 1. The same discussion
applies to any coordinate x,,,;, t =1, ..., (n-2h),

For coordinates x,, y, of x = (x, ¥y, oo, X, Ypo Xop,qs ooos x ),
by invariance and positive homogeneity we must have p(x , y,, O, ...0)
=tQD[xlcos(m¢})-ylsin(m¢?), x1s1n(m¢i) + ylcos(mdi), 0, ...0],
and therefore if t, #Z 1, since by Theorem 2.2 p is bounded and
bounded from zero on the Fuclidean unit sphere, we have D(xl,yl,O,...O)
= 0 or w, for all x,,y,, not both zero. Therefore either C contains
the entire plane 7; spanned by «,,B8;, or & is in the boundary of

C, and 7, is exterior to or partly contains the boundary of C.
IfT is an arbitrary non -singular linear transformation, then as
shown 1n [2], T has a diagonal block form [t,A,, ..., thAh’ the1Buiy

.vv, t,B,] where tt; exp (i¢j), t; > 0, 7 =1, ceoy by tyyyy ooey By
are the distinct eigenvalues of T. Each block Ai has blocks
cos $i sin ¢3
on 1ts diagonal, all elements below the diagonal
-s1in $. cos ¢.
blocks belng zeros. Each block B, . is superdiagonal, with all 1’s on
the diagonal. IfC 1is 1nvar1ant under T, 1t is also invariant under
T-! and the eigenvalues of T are reclproca]s of the eigenvalues of
T. Therefore in the discussion of any particular eigenvalue, we may
suppose that tj >1 or 'th+i| > 1, if they are not ecual to 1. In case
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say o,, By, ..., o3, B3, ... span the eizensubspace of a single pair
of conjugate complex eigenvalues *t, exp (i¢,), we have

(0, ...0, X3, ¥ 0, ...0) = ¢ p[xl(m)/tl, yl(m)/tl, e, xlcos(m¢1)
jylsin(mﬁl), xysin(mg,) + ylcos(m¢1), 0, ...0],

and since 1f C 1s bounded, with & interior to C, the function p 1s
bounded from zero on the Euclidean unit sphere, the expression p[ ]
on the right is bounded from zero, and t% p[ ] approaches infinity
as 1increases. But p(m) on the left is fixed, so we have a contra -
diction, and if t, > 1, either C must contain the entire eigensubspace
of £t exp (i$,) (in case p=0), or the eigensubspace must be ex -
terior to the interior of C (in case p =). Similarly for the real
eigenvalues, if C 1s bounded, with & interior to C, we must have
lth+i| = 1. We have now established the following theorem.

Theorem 6. 1. If a starlike or convex region C, with O interior
to C, is invartiant under a linear transformation T, then tte eigen-
values of T are all of modulus 1.

Following is a further theorem on the nature of a linear trans-
formation T under which aconvex or .starlike region C may be invariant.

Theorem 6.2. If a starlike or comex region C, with € interior to
C, is tnvariant wnder a linear transformation T, then T must be such
that the eigenvectors of T span E,. By Theorem 6.1, this implies
that for any T wunder which a C can possibly be invariant, there always
exists a choice of basis for E  with respect to which T appears as
an orthogonal transformation.

Proof: Consider the powers (Bh“)”l of a block 1in the canonical
form for T. If Bh+1 is of dimension s, it may be easily verified
that the elements respectively in row 1, column 2, and in row (s -1),
column s of (Bh’l)m are mb,,,mb__, ., where b,,, b _;  are the
corresponding elements of B, ;. By a similar argument to those used
to prove Theaorem 6.1, it follows from invariance under T™, and from
boundedness and boundedness from zero of p, that by, = b _, ., =0,
Likewise the other elements of Bh+1 above the diagonal must be zeros,
and the elements above the diagonal blocks in A; must be zeros. The
same discussion applies to the other blocks Aj, B,,1; therefore the
basis vectors corresponding to the real eigenvalues are all eigen-
vectors, and the basls vectors {ai, Bi} corresponding to the complex
eigenvalues are all components of complex eigenvectors, which is the

theorem.
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Finally, we have the following theorem relating transformation by
a non-involutory orthogonal transformation, and transformation by
an involution.

Theorem 6.3. For any region C, if T is any orthogonal transformation
which is not an involution, then there exists an isomer J(C) of C,
such that TC equals UJ(C), where U is an involution.

Proof: Let involution J be the involution having matrix [1, -1,
.., 1, =1, 1, ..., 1], where there is one pair (1,-1) corresponding

cos % sin ¢i

to each block in the canonical matrix for T.

-s1in ¢7 cos 13
Then U =TJ 1s the required involution, since J? = I, and since the
product of the rotational block by the column matrix (1,-1) is the

cos . -sin P. S .
block o 7Y, which is involutory. This may be seen
-sin iy —cos ¢y
also from the fact that J has the property J™TJ =JTJ =" | or

TJ = JT- Y U? = TJJT! = I. For the same J and U, we have also
TJ(C) = U(C). Likewise V = JT = T"'J is an involution, since V? =
JTT-YJ =11, so we have JT(C) = V(C). (The isomer of the transform of
C by T is the same as an involutory transform of C.)

7. Composite Regions

The process, described in section 4, of generating an n dimen-
sional region by rotation of an ( h+ 9 -dimensional region, in subspaces
of dimensions hy, ..., hg, h + hy + ...+ hg = n, may be generalized
as indicated in the following definition.

befinition 7.1. An n dimensional region C is composite if 1its
gauge -function p may be expressed 1n terms of lower dimensional
gauge -functions, as follows:

plxy, ..., xn) =plqy, ..., qg, X pagr oo xn),

where

q,=q(x,, ""»xh1)' cee, G = qs(xn_h+1_hs, e X i g)s
are gauge-functions of respective dimensions h1' ceey hsv

In the special case of rotationally symmetric regions, the gauge-
functions g4, ..., q, are gauge-functions of spheres, with origin ¢
at the centers of the spheres.

pefinition 7.2. An n dimensional region C is step-composite if,
for some partition of the hl-, cees hs-dlnensional sol1d spheres 1intc
hl"~'°’ ik-dinensional “solid angular” portions, the gauge-function
of C may be represented in the above form in each of the portions,
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diflerent gauge-functions qy, ..., g, being allowed in the several
portions. A region C is partially composite 1f its gauge-function may
be represented in the above form in one or several “solid angular”
portions, not comprising all of the set of h,-, ..., h~dimens1onal
sol1d spheres.

Following are examples of the above types of regions:

Cxamples 7.3. Let q(x,,x,) be the gauge-function for any two-
dimensional convex region having the origin & in 1ts interior, and
let p(z,x3) be the two-dimensional gauge-function max (|z[,|x5]).
Then D(xl,xz,xB) = plelx,x,), x3]is the gauge-function for a com-
posite three-dimensional re:rion. The region is a cylinder with sections
parallel to the (x,,x,)-plane congruent to the region q(x,,x,) < 1.
If p(x,x5) 1s |z] + |x5| instead of max (|z|,|x3]), the composite
three-dimensional region is the convex hull of the set gq(x ,x,) <1
and the points (0,0,1), (0,0,-1). In this case the sections parallel
to the (x;,x,)-plane are similar to the region q(x,,x,) < 1.

Examples 7.4. In £, the points P, =(1,0,-28/4), P, = (14,3/2, 2% 41),
p3 = (—%,—35/2,—2$J4), Py, = (0,0,3.2%/4) are vertices of a regular
tetrahedron of edge 3%. Let gl(x), g,(x), ga(x), g8,(x) be respectively
the gauge functions for spheres of radius 3? with centers at Pl P,
P5, Py. Then r(x) =max[g,(x), g,(x), g3(x), g,(x)] 1s a convex
function; the region D = {x|r(x) £ 1} is the common portion of the
four spheres, and clearly is step-composite. For an example of a
partially composite region, we may take the convex hull of the inter-
section of D with the half-space x5 < 0, and the point (0,0,1).
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THE COEFFICIENTS OF sinh x/sin x
By L. Carlitz

Put .
(1) x/sin x = Z% (-1)"D,, x2" /(2n)! ,
where "

(2) D,, =2(1 - 22n=1)p ;

the notation is that of Norlund [3, Ch. 2].

By the Staudt-Clausen theorem for the Bernoull: numbers

- Y- >
(3) B, G, -%- & 1p (w21,
p-1| 2m
where G, 1s an integer and the summation is extended over odd primes

p such that p - 1[|2m. !lsing (2) and (3), we get

(4) D, =h - & 1k (n 2 1)

p-1|2m

where agailn Hzm 1s an integer and the summation 1s over odd primes p.

If we now write

© 2

sinh x xm
. _ z : -
(5) sinx 8 2 2m)!

m=0

then it follows from (1) that

sf2
(5) bya = > (’"*1> e
2m+ s=0

2B, B,=4/3, By =~ 148/21, Bg=- 17744 /9.

In particular ﬁZ: ?

Incidentally (5) implies

sin x
Z (1) g,

sinh x

2m

m(2m )

so that
d 2m
> (-1)s<2s)ﬁzsﬁ2m_2s =0 (m >1).
s =0
193
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Also using the well known formula R
2m
1 sk
-3 B ()
T R+ 1o s

a little manipulation leads to the explicit formula

2m k m
1 [k om + 1
(2n + 1B, = Zm P> (4)1(},)2 <-1>s( ", )(2 2228
k=0 ;=0 s=0
& k
:Z Z (-1)3( >{(1 +is)2mtly (1 —is) 2n#t
P kR +1 pour s

S %(1 4 2is) Il (1 - 24s)2mtly
It 1s natural to ask whether a result like (4) holds for Bows

as we shall see this 1s not the case.

Let
(8) pT|2m + 1, p'*1l2m + 1,

It is familiar that 1f pkl s, p -1]2s then

(9) - st =0 (mod pk);

hence D,  also satisfies this congruence. A term in the right member

of (%)
2m + 1 02 _ gﬂ +1 2m DZ ’
2s $ 2s 2s -1 $

with p - 1+2s, is therefore divisible by p”. Thus (6) reduces to

- 2m + 1
e )o..
pyer] 2s

p—ll?s

n 2m + 1
-1+ ) (-1)9( " )(DZs ¢ 1o - 1)
s=1

p-1]2s

n 2 1
S [
‘ 2s
s:

p—llZs

(10) (2”! + l)ﬁzm

i

i
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Analogous to (9) we have also [1, Th.3]
(11) By, +1/ =1 =0 (mod p*) (0¥ (p - 1)]2s).
'sing (2) we get

(12) st +1/b =1 =0 (mod Dk) (pk(p

1)]2s).

Hence exactly as above

2m + 1
( )(Dzs +1/o-1>50 (mod p”)
2s

for p - 11]2s, s > 1. Consequently (10) becomes

- 2m + 1
(13) (2m + 1)b2 =1 - (-1)s 1/p 1 tnod p').

m :E:: 2s
s=1
p -1|2s
We now consider separately the cases p = 1, p = 3(mod 4). In

the first case it is evident that s is even so that (13) may be written

() 2m + 1
2m + l)ﬁzm =1 - 1/p - 1)) (mod p").
0<s (p-1)<2m+1 s(p-1)

But 1t has been proved [1] tnat 1f p"|n then

(15) o+ (p-1) 2 : s(p® - 1) =0 (mod p"*1).

0<s(p -1)<n

Clearly (14) and (15) mply
(16) (2m + l)ﬁzm =0 (mod p"),

in other words 5, 1s integral (mod ),

Dn the other hand for p = 3(mod 4), we have

sf 2m +1
(17) 2m+ 1),62 =] - (-1) 1/p-1) (mod p")
" 0<s (p-1)<2m+1 s(p-1)

For example when 2m + 1 = p, (17) becomes

(18) pB,_y =2 (mod p);

indeed for 2m + 1 = p” we find that
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(19) p™B =2 (mod p)p
p -1
so that the denominator of & 1 1s divisible by exactly p",
p -
According to (17), the highest power of p dividing the denominator
r+l

of B,, does not exceed p"*". We shall now show that this case does

indeed occur. Clearly the sum

p-1
2 1
Z (_1)1< "t ) = _ E :(1 +18)"* Y (mod p),
<2m+1 s=0

0<j (p-1) i (p-1)

as 1s easily verified by expanding the richt member and summing over s.

Now let

(21) 2m + 1= u + vp(modp?-1) (0<u<p-1, 0<yp <p - 1),
2
-1

Since (1 4+ is)? =1 - is, (1 + is)P
of (20) becomes

[4
(22) S0 as)HL - i)Y
s =0

1(mod p), the right member

which on expansion yields

(23) - z ;(—1)’(l_l>< i )
. ] p-1-7/"
]

provided v + v 2 b - 1, otherwise the sum (22) = 0 (mod »).

Now ifw=p -1 -

p -1 —w 3 (p -1 - w)! —(_1)7 *k R
p -1 - (b =1 =)' = w! w(j —w)t

so that (23)
- (_1)'”_5. (“) (’) - (-1)w(”> E (‘f "”)
- ] \w w - I—w
] ]

u "v!
= - (_1)w< )2“*’”:‘—. —..._u_v__._. Ut (mod p).
w

(u+v-p +1)!

This result can also be obtained by means of (7).
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To summarize we state the following:

Theorem. The denominator of 3, contains only primes p = 3(mod 4).
Let p™|2mn + 1, p"*1(2mn + 1) and define u,v by means of (21).
Then 03, satisfies (17). If u+ v> p then the denominator of 55 ,,
is divisible by exactly p"*! and indeed

u'v!

2u*v (mod p),

]

1
pr+ Lj
Zm (u+v=-p+ 1)

If u +v <p the demominator of L&m is divisible by p" at mst.

The above results do not indicate when the denominator 1s exactly
divisible by pk, where 0 < k < r, although (19) gives some 1nformation

for k = r.
It may also be remarked that results similar to the above hold for

the coefficients in the power series expansions of
(e¥* _ 1)
(e* - 1)

where w 1s a primitive n-th root of unity.
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MISCELLANEOUS NOTES

Edited by
Charles K. Robbins

Articles intended for this Department should be sent to Charles K. Robbins
Department of Mathematics Purdue University, Lafayette, Indiana.

FAREWELL TO 1955
(popul ar)
J. M. Gandhi

The vear has just smone. A mathematician has bid good-bye to 1t as
follows.

Mathematician -X.“llello! 1955. We are sorry to see you go, we are
however very glad that you have given us many remarkable theories and
inventions - e.~. some of these are:

1955

1
—
(4]

+25 435 445 4 x4 x

1955 = 5° — 5% - 53 _ 52 _ 5!
— 4% 43 4% 4t 4O
- 33 323130 _ 4
~22 2190 Ly _ &

B

1x 45 + (1 +2)x3% + (1 +2 +3)x2°

+(1 42 +3 +4)x15,

1955

-+

1955 = 37 — 3% 4+ 33 _ 31 o 2% 4 22 _ 20,

1955 = + 122 + 132 + 142 + 152 + 162 + 172

+ 182 + 192 _ 32,

-+

198
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Magic Square of the Year 1955

1 9 5 5
2oL s Sum -f ide 1 1 20
1 9 5 g Sum from any side is eaual to 20,
9 1 5 5
ie. sum= ? ' %? _ st perf;ct number . 2nd PerfSCt number

Some more properties:
1955 = 103 + 83+ 534+ 434 23
+ 82 + 624 424 224 02
+10% + 81+ 51y 4ty 2t
+ 89 + 6% 494 204 00 (3£ 09=1),

1955 = 9 - 10 + 11 - 12 + 13 + 103 - 113
+ 123 2133 + 143
So friend, zood-bve. I have paid a very humble contribution to tne

progress of Mathematics and to the prosress of science and peace in
the world. Let us hope my successor will be still more wonderful.”

WELCOME TO 1956!

Tt is left for the reader of this note to give a suitable welcome to
the vear 1956.

Lingraj College Belgaum, South India.
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A GENERALIZATION OF THE S-STIRLING NUMBERS

Jerome Hines

Introduction: The purpose of this paper is to develope a general
formula for the S-Stirling numbers by the use of poly-gamma functions.
Since the poly-gamma functions have meaning also for non-integer
values, we can take the resulting expression for the S-Stirling
numbers as their definition. Then we will have defined a Stirling
function which is a generalization of the Stirling numbers and
will include them as a special case.

1. The T-Stirling numbers can be found by the formula

n . -i+1)P*n
T, = (=)t (n.l ) ,
n p i=0 C(n-t+1) [(i+1)

1.1

and have the recursion formula

1.2 n+1Tp = (n+l) n+1Tp_1 + n7}
The S-Stirling numbers have the recursion formula

= (n+1) S, * S

n*isp n~p

1.3
=0, n<p

and can be generated as follows:
1.4 (1+x)(142x) .... (1+nx) = Sy + S;x + Sx2+ S;x’+ ...

The following is a table of some of the simpler S-Stirling
numbers:

WSl 012 3 4 5 6 T
0 1 1 1 1 1 1 1 1
1 01 3 6 10 15 21 28
2 0 0 2 11 35 85 175 322
3 0 0 0 50 225 735 1960
4 0 0 O 24 274 1624 K769
5 00 0 0o 0 120 1784 11352
p vy

200
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In the following section a general formula for nSp will be
developed.
2. From the recursion formula, 1.3,

nsn = n-lSn tn n-lsn-l
But
n -1~n =0
whence
nsn =n n-1 nol
Continuing:
nSn = n(n-l) n-ZSn -2
Further:
nSn = [(n+l) oSo
But
050 = 1
whence
2.1 nSn = ["(n+l)
Similarly
nn -1 " n-lsn-i tn n-lsn-Z
=[(n) +n [n.zsn.z + (n-1) n-ZSn-B]
=[(n) + nl'(n-1) + n(n-1) T (n-2) + ..
+ [ (n+l) 130
Then
2.2 S L " (n+l) 1. _L_ + + 1, 1
non- n n-1 2
Let us define ¢(r)(n+l) by
= 1
2.3 Yo (ml) = ey P T ()
= 1 X .x .n e )7
Finsl) [o7 e * x™ (lg-x)" dx

1 °X .n ey )r|x=®
= [(n+l) [’e =" (lg+z) ],=o

* l'(n+11) [ e [nxn.l(lg’x)' + 2 Y1gex)" 1] &
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For r positive and finite the first term of this expression is

zero. Then

l’Z}(r) (n+l) = nr?n) fow e”* x" (lgex)" dx
¢ [T et g ds
= r
2.4 Py (n*l) =y (0) + Dy (n)

whence

¢(,)("+1) =Y (n-1) + ;§T Y(,.1)(n-1)
+ g ¢(,,1)(n)
Continuing this process:

2.5 Yery(ntl) =y (1) +r ,51 %Lllflgli

Note that Y(1)(n+l) is the ordinary digamma function in which

¢(1)(1) = -C, Fuler’s constant. If we define the £-functions by

2.6 Ery(m*1) = Yy (n*1) = g (1)
then in the case of r =1,
$(1)(n*1) = ¢q)(n+l) + C
2 7 ‘5(1)("+1):1+%+%+””+}l
and 0 Eern)(i)
2.8 Sp(nel) = 3 T
Let us now put equation 2.2 in the form
WS,y = T(n+1) £(1)(n+1)
Continuing the process used in developing 2.2,
£ (n- ;
S, = T(n+1) g(li(") ' :(lif: Y, 5(1lf; a ...:]

- LB ¢y (ne)
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Generally:

é(r-l)(") f(r-1)(n'1)
or

_ [(n+1)
2.9 nsn'r T oor! §(r)(n*1)
and

=I_'n+l £

2.10 nSp r(n-p+l) :(n.p){n+1)

3. The following are two examples of actual calculation of
S-Stirling numbers by 2.9:

a). Determine yS3 using

wSao1 = T(n+1) 01 (n+1):

- 1 1 1
u33 = 4! (1 + 5 + g + Z)
=24 + 12 +8 +6
= 50
b). Determine ,S, using
- O(n+1 .
nSn 2 == g! §(2)(n+l).
_a g, B @, () ®) 5(11(4’J
uS) 51 X 2! [ 5 1 3 iare
1 - =
= 4! [% + l%z +.£_:_3_:_é]
4

=12 + 8+ 4+ 6+ 3+ 2
= 35

4. The main value of the expression

- [(n+l
4.1 25, F(ﬁ?;:%j E(nep)(n*1)

is that it relates the S-Stirling numbers to the polygamma functions
and also givesamethod by which we can define a continuous S-Stirling
function for n and p not integers through the definitions of the

polygamma functions; 1.e. 4.1 can be taken as the definition of
the S-Stirling function of two variables, n and p.
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CURRENT PAPERS AND BOOKS

tdited bv
H.V. Craig

This department will present comments on papers previously published
in the MATHEMATICS MAGAZINE, lists of new books, and book reviews.

In order that errors may be corrected, results extended, and in -
teresting aspects further illuminated, comments on published papers in
all departments are invited.

Communications intended for this department should be sent in
duplicate to H.V. Craig, Nepartment of Applied Mathematics, University
of Texas. Austin 12, Texas.

Comment on H.W. Becker s "Comment on L. Caners’
"Pythagorean Princinle and Calculus’'"*

According to H.W. Becker “the petitio Principii” is that in taking
dg (uz=?) = 0, the autior has assumed uz~2 constant, in advance of
proving it. In the present paper I am going to prove it in detail.

/\ zsin @
[l

tCosé

Consider the right angled triangle with & and z variables.
Let 22 cos 0+ 2% sin 6 = u (1)
Then c0s? 0 + sin? 0 = uz? .
Differentiating both sides with respect to & we get.

d . d | -
2 cos 9’;@ (cos 8) + 2 sin 6 T (sin 6) = dg (uz™?) (2

“Tae Petitio Principii” is that Leonard Caners has assumed

-sin @

d
Zg (cos )
(3)

d
— (sin 0) cos 8
d6

in advance of proving these results without the use of the Phythagorean
Principle.

Now from the definition of differentiation, we have

* WATHEMATICS MAGAZINE, Vol.28 (1955) p. 276 and Vol. 29p.40.
204
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_fL_sin 6 _ lim sin(@ + h) - sin 6 ()
If
. ‘ At AB
sin A - sin B = 2 cos — sin — (5)
2 2
d
a . sin h/2 -1
= YR (5)

From (4) we have J
— (sin 8) = cos @
d6

The remaininz problem is to prove (5) without using the Pythagorean
Principle.

Since Trigonometry is based on right angled triangles, at first we
may think that (5) can not be derived without using the Pythagorean
Principle.

But if we see the proof of (5) in any elementary book on trigonometry
it will be evident that no pythazorean principle is used in deriving
it. Only the definitions of sin & and cos & are used.

Exactly similar discussions are needed in proving

~— (cos 0) = -sin &
We now use do

A+B  B-4
cos A - cos B = 2 sin sin
2 2
This can also be proved without use of the Pythagorean Princiole.
Making these substitutions in (3) we have

-2 cos & sin 8 + 2 cos €& sin O = Dg(uz’z)
o 0 = De(uz—z)

uz"? = Cons.

J. M. Gandhi - Bel~aum, India.

Comment On Pedro Pizo's "On The Case n = 3 of Fermat’ s
Last Theorem"

In zlancing througn the January-February issue of 1955, T stopped
to read “On the Case n = 3 of Fermat’s Last Theorem” by Pedro A. Piza.
although 1t is rather late to make comments on 1t, I must say that
I fail to follow the reasoning. In fact, I believe that Mr. Piza has
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made an error. He bezins by showing that the cube of a number of the
form a® + 3b2 is of the same form. This is all right. However, when
he attempts to use this fact in nis oroof he says, “If p? + 3q%is
a cube 1t 1s a cube of an integer of the same type...” In other
words, he uses the converse of the lemma rather than the lemma itsel f.
But he does not prove the converse, as far as I can see. If1I am
mistaken, I should like to be informed ofmmy error.

Peter Yff

Carl Friedrich Gauss: Titan of Science. By Pr. G. Waldo Tunnington,
Exposition Press, New York, December 1955. Illustrated - $5.00.

Dr. G. Waldo Dunnington, a member of the faculty of Northwestern
State College, 1s the authod of a new biography of Friedrich Gauss.
On February 23, 1855, Carl Friedrich Gauss, one of the three greatest
mathematical geniuses of all time, died 1n Gottingen, Germany, where
he had been director of the Observatory of the University mostof
his J1fe. The centennial year 1955, waich brousht several memorial
celebrations at Gottingen and elsewhere in Germany, is now climaxed
by the publication of the first full-scale biozranhy of Gauss, written
by the foremost American Gauss scholar, a participant in the various
observances in Furope.
Harold Welss

Comment ou Mr. Diamond’ s "Irrational Numbers"

In his article “Irrational Numbers” (Mathematics Magazine Vol.29
No.2, page 89) Yr. Diamond mentions on Page 97 Felix Klein's deriva-
tion of the word “irrational? I would like to comment on it, because
philosophy of Mathematics i1s involved in this derivation. Furthermore
the question arises whether the word 1irrational 1s a misnomer in
our own language.

It is correct that the Latin word “irraticnalis” is the transla-
tion of the Greek word “alogos.” But this word means something very
much deeper than “inexpressible.” According to ancient legends the
exoression “alogos nomos for “Irrational numbers” was introduced
by Pvthazoras who nad found that the diagonal of a square is 1ncom-
mensurable to its side. The concept of incommensurability in the realm
of meometry is equivalent to the concept of irrationality in the
realm of algebra. Pythagoras visualized numbers in the form of geo -
metrical patterns.

Here he faced an astonishing fact. Nothing seemed simpler than
to draw a diagonal in a square with the side of the unit length. The
points to be connected seemed well defined. Rut the lenth of the
draponal defied any clear cut measurement in regard to unity.
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The human mind could not - according to Pythagoras’ philosophy of
numbers - conceive the new unit “square root of 2.” Only what the
hiuman mind could conceive was 1n the domain of Man, was part of the
logos. Logos is the highest expression of the abilitv of constructive
thinking. The derivation “logical” 1n our languace expresses its
meaning better than any definition. So. St. John explains the origin of
all things by writing: “In the beginning was the logos.” When we find
in the Bible the translation: “In the beginningz was the Word.” we
should not forget that “Word” in this connection means the expression
of God by which He may communicate with Man. It means revelation to
the mind. not spoken symbols of thought by human beings.

So “alogos.” the contradiction to logos, does not mean “inex -
pressible” but “inaccessible to the reasoning mind”. Since it belongzed
to the domain of the Gods, Pythagoras forbade the students and dis-
ciples of his school to talk about irrational numbers i1n public.

Many centuries later Fuclid “dethroned” irrational numbers from
their lofty height. From then on they belonged to the domain of Man.
But it was too late to changze the word alogos. It became a very
“logical ” mathematical expression and then and there a misnomer 1in
this field.

But Language itsel f was not aflected. The Latin translation of
logos is “ratio.” From this word our language inherited “reason” and
formed “rational” and “irrational.” meaning defined or not defined
by reason.

Also the Latin word “ratio” was “liberated” from its Latin origin,
meaning, and pronounciation and became the Fnglish household word as
used in Mathematics. From this word “ratio” the adjectives “rational”
and “irrational” are derived.

These words, as psychological and mathematical expbressions, are
simply cousins with the common ancestor, the Latin word “ratio.” A
misnomer happened almost 2000 years ago. Todav “rational” and “ir-
rational” are exoressions for different concepts in two different
fields of science.

Finally, to complete the picture, we have a similar development
of two other words in more recent times. Imaginary numbers once were
not considered numbers. So we have to this day the distinction be-
tween real and i1maginary numbers, knowing that imaginary numbers
are not “imaginary”’ at all, but as “real” as real numbers belonging
to one complete number system.

Fred G. Flston

Elementary Topology. Bv Dick Wick Hall and Guilford L. Spencer II.
John Wiley & Sons, New York. 303 pp. §7.00

An introduction to general point-set topology. the new text in-
cludes a variety of topics previously slighted or overlooked. Hall
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and Spencer accord full coverage to the Jordan Curve Theorem and
provide considerable material on metric spaces and non-metric or
general spaces. In addition, they include a characterization of the
sphere, which intrinsically contains a characterization of the plane.

At the outset, the authors put the student to grins with infinite.
countable and uncountable sets, and the real number system, rather
than taking these topics for granted. Similarly, the Axiom of Choice
is treated in detail and an introduction provided to Bing’ s results
in the theory of Partionable Spaces.

Chapter headings include: introductory set theory, the real line,
topological spaces, metric spaces, arcs and curves, partionable
spaces, and the axiom of choice. Over 400 problems are graded from
elementary to those suitable for short term papers.

Richard Cook

AN ERBOR CORRECTED

A typograchical error was made in ‘4 Grass Root Origin of a Certain
Mathematical Concept,” Jan.-Feb. 1956, page 132, gecond paragraph
fourth line. It should read:

sur faces run 3/2, (342)2. (3/2)3 ... of the original surface. Thus....
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This department is devoted to the teaching of mathematics. Thus articles on
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should be sent to Joseph Seidlin, Alfred University, Aflred, New York.

NEW MEANINGS FOR OLD SYMBOLS

(ropul ar)

Louis E. Diamond

In our early school days mathematics simply means the manipulation
of number symbols 1n arithmetic. and the manipulation of points lines.
and shapes 1n geometry. At that time we c¢o not relate these two sub -
lJects to each other except in so far as our teachers classify them as
subjects under the vasue heading “Mathematics’ We are so accustomed
to consider tihe symbols 1,2,3,... and so on as numbers that we are
aot to forget or perhaps we never realized, that these symbols need
not necessarily represent numbers, nor need the symbols + and x neces-
sarily denote the ordinary arithmetical operations of addition and
multiplication.

As a simple example. when we write 2 +3 =5, we are so accustomed
to the operations of aritlmetic that we entirely forget that 2.3. and
S are merely symbols invented by man, and that + indicates a binary
overation that 1s, an overation by which two of the symbcls are com-
bined according to certain rules. We also forzet that the symbol = 1is
only a symho! of relation between the symbols on the right hand side
and the symbols on ihe left hand side. In our mind we feel that there
1s something about this statement that 2 +3 =5 which 1s so fundamental
that even questioning it 1is absurd. It is a statement that 1s true and
that 1s that. The abstract symbols have become concrete objects per se
and represent to us the only possible kind of addition. We do not cues-
tion the meaning of the symbols used. They are sacrosanct.

Now the fact is that these symbols may. also represent operations
of various kinds. The symbols + and x may likewise stand for operations
entirely different from those we are accustomad to in aritimetic. In
this article we shall give simple examples.

209
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Number Symbols For Operations

Let 1 be “the operation of flippinc an electric light switch 1in
our home.” Let 0 be “the overation of not flipping an electric light
switch in our home.” Let + stand for the words “followed by.” Let =
stand for “is equivalent to” Then, 1 +1 =0, Operation 1)\followed by
operation 1 is equivalent to operation 0. You may object that this is
quite trivial and farfetched but you cannot assail 1ts lozic.

A small object is located in a fixed nosition U in the plane.

c D

Let 0 be the operation of no rotation about C.

Let 1 be the operation of a counterclockwise rotation about C
through 90°,

Let 2 be the overation of a counterclockwise rotation about C
of 180°.

Let 3 be the overation of a counterclockwise rotation about C
of 270°.

Let + be “followed bv?”

Let = be “is equivalent to.”
1+2=3. Operationl followed by operation2 1is ecnivalent to operation 3.
3+3=2, Operation 3 followed by operation 3 is emuivalent to operation?2,
3+1=0. Operation 3 followed by operation 1 1s equivalent to no rotation

about C.

The “addition” table below summarizes all ooerations.

+ 1 2 3 0
1 2 3 0 1
2 3 0 1 2
3 0 1 2 3
0 1 2 3 0

To find the “sum” of 1 and 2. locate in the “addition” table the
row headed 1 at the left side. Go across this row to the rizht until
the column is reached which is headed 2 at the top. There the number
3 1s found and this is the sum of 1 and 2.

Tiis verv same table also represents the addition table in modular
aritametic. modulo 4. (The subject of congruences 1s very imoortant
in number theorv.) There we agree to add in the usual arithmetic
manner the numbers 1,2,3, and O, with the sole exceotion that everv
time the sum in arithmetic exceeds 3 we start again with 0,1,2, and 3.
For example, 3+1=0. 3+2=1, etc. This may seem absurd but we do
a similar thing every day of our life excert that we count to 12 in-
stead of 3. Just think of our system of telling time.
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An Unusual Multiplication Table

We shall now use the four symbols, 1, -1, i and -i. The operation
whicii combines these symbols will be called multiplication since 1t
follows the usual rules of real algebra excest taat whenever i’ appears,
it is replaced by -1. The reader may recognize the i and the -i as
the “imaginary” numbers introduced in elementary aleebra for the pur-
pose of providing a solution for every quadratic ecuation. The multi-
plication table below summarizes all operations.

x 1 -1 i 1
i1 -1
B T D |
- 1 i -1 =
1 i -1 -1

To find the product of i and -1, locate in the table the row headed
1 at the left side. Go across tie row to the right until the column
1s reached which 1s headed -] at the topn. There tie number -t 1s found
and this is the product of i and -1.

Fvery operation of multiplication vields one of the four symbols,
i.e., we never ~et away from one of the four symbols.

If we substitue in tins table + for x, 0 for 1, 1 for i, 2 for -1,
and 3 for -i, we have exactly the addition table above. In otnher words,
these two tables are fundamentally the same in this respect. There 1s
a one-one correspondence between the symbols such that 1f 0 in the
first table corresponds to 1 1n tiie second table and two 1n the first
table to -1 in the second table, then 2 +0 inthe first table corresponds
to 1x(=1) in the second. Fach table involves four symbols and there 1s
one defined operation. An o.eration between two different symbolsor
between two like symbols slways yields one of the four symbols. There
is a symbol 1in each table which has no effect on the other symbols
when 1t combines with them, 1.e. there 1s an operation which leaves
evervthine unchanged. This symbol 1s called the identity symbol. It
is 0 in the addition table and 1 1n the multinlication table. Everv
symbol has an inverse, 1.e., whatever one symbol does, there 1s an -
other symbol that undoes 1t. Whatever oneration you pverform you can
undo 1t. In other words, two unique symbols combine to form the
identity symbol.

3 +1=0 -1 x -1
2 +42=0 1 x 1
0+0:0 1 x ~t=1

I I
—
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Operating on a symbol with 3 and then with 1 zives us back tle
original symbol since 3+1=0. Similarly operating on a symbol with
t and then with -i gives us back the original symbol.

The associative law holds, 1.e., we can group the symbols as we
desire witiout changing the symbol which is the result of the overa-
tion, i.e., 1 + (2 + 3) =(1 + 2) + 3. (i x-1) x (=1)=ix(~t x=1).

In both tables the operation 1s commutative, 1.e., 3 +1=
1+3. ix=1 =~ x 1. We can change the order of two symbols in the
oderation without chaneging the symbol which 1s the result of the on-
eration. In each case the four symbols constitute what mathematicians
call a finite commutative or abeiian grous. The theory of zrouns is
an important mathematical concept and 1s called by an eminent mathe -
matician “the key to modern alcebra and to modern geometry.” (The
concent that every algebraic ecuation is related to a group was first
develosed bv Evariste Galols, a mathematical zenius who was killed
in a duel 1n 1832, at the age of 21. The storv of his life reads like
fiction and his untimely death reminds one of Moseley’s fate at

Gallivoli.)

Colors as Number Symbols.

For a moment let us look at the symbols 0, 1, 2, ..., 9 as the
usual everyday numbers of arithmetic. We now propose to use colors
instead of number symbols to represent values of a chosen unit of
measurement. (There 1s no reason we cannot measure a deflection of
a pointer by colors.) We are only interested in multinles of ten,
i.e., the unit we shall use 1n our measurements 1s such that for our
purnose values between 0 and 10 are of no consecuence physically. 992
and 994 represent inconsecuential difAerences from 990, We shall use
a linear arrancement of three colors to represent a given value. The
following table 1s set up.

Color Number Color Number
Black 0 Green 5
Rrown 1 Blue 5
Red 2 Violet 7
Orange 3 Grav 8
Yellow 4 White 9

For examnle, (red brown green) gives the value 215 in ordinarv
number symbols. From the table red 1s equivalient to 2, Brown to 1,
and creen to 5. "ut the third color 1s a multioslier. It does not stand
for 5 but for multinmlication by 1 followed bv five zeros. So this
linear arrangement of colors reoresents 2,100,000 or 21 «x 105 units.

(brown green green) represents 1,500,000 units. Hence wecan re -
present any value in multiples of ten from ten to 99,000,000,000. You
may consider this system rather farfetcned but actually it 1s 1n use
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today by radio engineers for use on resistors. the unit being the
oim, It 1s quite convenient to have colors since they stand out vis-
vallv better than small numbers, and their value is not 1mpaired bv
slight erasure. (Of course, vou may facdtiously remark that the
encgineers must not be color blind.)

We Add to Multiplyv.

Sometimes 1in arithmetic the operation of addition seems to be
princinally multiolication. For example, the addition of the fractions
3/5 and 2/7 consists of four overations, three of which are multi-
plication. We multioly 3 by 7, and 2 bv 5. The sum of these two
products 1s the new numerator. The denominator of the sum 1is the
oroduct of 5 and 7. We now propose to let one nunber symbol have a
one-one correspondence with another, and by doing so we shall sub-
stitute ordinary addition and subtraction for multiolication and
division.

1 2 4 8 15 32 54 128 256 512 1024 2048 4096
0 1 2 3 4 5 ) 7 8 9 10 11 12

The line 1s evenly soaced into twelve divisions. We start measuring
from 0 throuch to 12. Above the line each number after the first 1is
double the preceding number. The line together with numbers above and
below can be similarly extended as far as desired. There 1s a one-one
correspondence between the numbers above and below the line such that
the arithmetical sum of any two counting numbers below the line cor-
responds to tiie oroduct of the corresponding counting numbers above
the line. 3 +59=9. 8 x 4 =512. The aritimetical diderence of any two
countine numbers below the line corresponds to the division of the
corresponding counting numbers above the line. 9 -5=4. 512 +32 =15,
We interoret 0 and 1 as sisnifying that addition of 0 corresponds to
multiplication by 1, i.e., 0 is the identity number for addition and
1 the identity number for multiplication. The scheme as outlined is
too limited to be of practical use. We can draw uo another scheme
which 1s far more effective.

1 2 3 4 5 h 1 8 9 10
0 .3 .48 .6 N .78 .85 .9 .96 1

The numbers above the line are simply the nositive intecers 1in
order. We cannot explain briefly how the numbers below the line are
obtained but our puroose 1s merely to show that a one-one correspon-
dence between number symbols can be set up so that addition 1in one
case corresponds to multiolication in the other, and subtraction to
division.
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.3 +.6=.9 .96 ~ .48 = .48
2 x 4= 8 9 ¢+ 3 =3
Actually we can g0 beyond the scale as shown.
1 +1 =2 S+ 1= 1.6
10 x 10 = 100 4 x 10 = 40
2+ 1 =3 1 +.9= 1.5
100 x10 = 1000 S x 8 = 40

(The reader may recognize that we have been using the orincivles of
logarithms and slide rules.)

Calculating by Dozens Instead of Tens.

Let us consider our method of representing numbers greater than
9. For simolicity let us take the four dicit number, 4302. Actually
this 1s a condensed resresentation of (4 x103) + (3 x 10%) + (0 x101)
+ (2 x10°), where 10° 1s another symbol for unity. The representation
4302 is simply a linear arrangement of the multinliers of 103, of
102, of 101, and 10°. Since the value of a digit 1n a number dep-
pends udon 1ts position with respect to the otlier digits 1n the same
number, the place occupied by a symbol 1s fully as important as the
meaning of the symbol itsel f. For the same reason a zero multiplier
cannot be omitted as it holds ooen a position in the display. This 1s
quite obvious in such numbers as 10,000, etc.. In the number 111, due
to position each 1 has a diferent meaning. When we multiply 2 x4, we
have no single symbol to represent the result and hence condense
1(10) + 2 to 12. When in a multi-digit number we multiply 3 x5 and
“carry” 1, this “1” may be a multivlier of 10}, 102, 103, etc.. We
know which 1t 1s by the position of the 3 in the number heinz multi-
plied. We automatically place the 1 1n tne correct column. So long
as a product of two intezers 1s less than 10, a single symbol ex-
presses the product but 1f the product 1is greater than 9, we must
use our positional notation. It 1s quite clear that we ourselves have
hestowed these special meanings uoon the nunber symbols and i1n fact
i1t took many centuries before the present result was attained. If
you are indoubt as toits efficiency, trv multiplyine in Foman numerals.

We are so accustomed from childhood to this decimal representation
that we entirely forget that not only are other systems possible but
that history tells us that they have been used 1n the past by various
diflerent cul tures. Let us consider how we might be writing our numbers
today 1f nature had given us six fingers on each hand. In fact.those
cultures who used the vigesimal (counting bv twenties) system ap-
parently continued their counting from ten on to 20 by using their
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toes. A duodecimal reoresentation means that we count by twelves,
1.e., we substitute 12 for 10 so that we have (a x123) + (b x 122) +
(¢ x121) + (d x12°) for a four dizit number abcd 1n this system.
However a 1s a multiplier of 123, b of 122, ¢ of 12!, and d of 12°.

We must have twelve symbols and a, b, ¢, and d can be anyone of
them. We can use our usual symbols from O to 9 for ten of tuese
symbols. Then we 1nvent # for 10 and § for 11. When d for example
exceeds ) , we use a two digilt number.

Decimal System Duodecimal System

10 = 0(12) +10 Ji) 2 x 2 = 4, 3 x3=0,
11= 0(12) +11 0 2x4=8 2x5=¢g
12=1(12) + 0 10 3 x4=10. 2 x5 =10.
13= 1(12) + 1 11 2 x0 =14.

14=1(12) + 2 12 2 x 10 = 38.

18= 1(12) + 5 15 4 x9 = 30,

20= 1(12) + 8 18 2 x 50 = §0.

22= 1(12) +10 19 2 x 60 = 100.

44= 3(12) + 8 38

50 = 5(12) + O 50
144 = 1(122) +0(12) +0 100

70= (5)(12) +10 50

71= (5)(12) + 11 50

Fractions

Lecimal System Duodecimal System
1412  .0833... 0.1
2/12  .1545... 0.2
.25 0.3
.3333... 0.4
.41566. .. 0.5
.5 0.5
11/12 0.4

To convert 1/10 1n the decimal system to the duodecimal system:

1/10 - 1/12 =140 = 1/(5)(12)
12/5 2 2/5

—_— —

(1/(5)(12) =
122 122 122

2/5  24/5 4 4/5

= — = — t —

122 122 123 123
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4/5 48/5 9 3/5

122 12¢ 2% 19t

The complete duodecimal representation of the decimal fraction 1/10
is 0.12497.

Today there are people who insist that a duodecimal system would
be better than our decimal system. Since 12 can be equivalently
written as (2)(6), (3)(4), and (3)(2)(2), while 10 can be written
onlv as a oroduct of the prime faciors, 2 and 5, more common fractions
would be terminating or finite in this duodecimal system. This 1is
shown above.

If you were buying 20 eggs 1n the duodecimal system you would
expect to receive two dozen. An object 10 inches long would be one
foot in length. 100 square inches =1 square foot. 1000 cubic inches =1
cubic foot. 1 foot = 0.4 vard.

By changing the meaning of the symbols and leaving the operations
unaltered we arrive at results which differ from ordinary arithmetic
but which are just as valid. In the United States some of our common
units of measurement are certainly hybrid in origin. With their
oounds, guineas, shillings and pence, thesterling countries are at
least more consistent in their confusion.

Milford. Texas.
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CERTAIN TOPICS RELATED TO CONSTRUCTIONS
WITH STRAIGHTEDGE AND COMPASSES

(semi-popular)

Adrien L. Hess

Introduction

Closely related to the oroblem of geometric constructions are
certain topics which serve to extend and enrich the usual conception
of such constructions. The topics represent various facets of the
problem whicih have been developed within the last one hundred sixtv
vears. Of such topics. the three most closely related to geometric
constructions are: Geometrogranhy, Paper-folding and VMatch Stick
Geometry.

Geometrography

In 1833 Steiner (17), an outstanding German mathenatician, suggested
that everv construction in zeometry should be studied so that the
solution used would be the simnlest, tlie most exact, and the surest. He
also pronosed tliat this study should include constructions in general,
and constructions made under limitations as to instruments used and
with obstructions existing in the plane. Nothing seems to have materi-
alized from the outlining of this problem until, 1n 1884, Wiener
solved several constructions for which he counted tlhie number of
circles and straicht lines drawn (2).

Lemoine. who made the first systematic approach to the problem,
presented his 1nitial 1ideas to the leadinas French scientific society
of his time 1n 1888. In less than fifteen years he wrote more than
thirty notes and memoirs, which apveared 1n many mathematical and
scientific journals, 1n which he amplified and extended his 1deas on
zeometroaraphy. Starting 1n 1888 with zeometrosraphy as applied to
straichtedese and compasses construction, he had extended his system
by 1894 to include descriptive zeometry and by 1902 to i1nclude geometry
of three dimensions (9;10). In 1902 Lemoine summed u» his development
of meometrosrapniiy 1n his book Geometrographie, ou Arts des Construc-
tiones Geometriques (11).

Al thoush ceometrography was develoned mainly by lLemoine, its arowth
was arded by the contributions and comments of many writers in England,
France and Germany. Other systems of geometrography were devised by
Paoveritz (13) 1n 1908 and by Gruttner (8) in 1909. Lemoine, Godeaux
(7) and Adler (1) extended the system to include tools other than the
straightedoe and compasses. In 1929 Tuckey (18) devised a system of
geometroeraphy 1n which he considered only the settings of the straicht-
edge or compasses and the number of straight lines or circles drawn.
Some recent college geometry textbooks (4;15) 1nclude a brief dis-
cussion of reometrosraphy.

217
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Lemeine chose two operations for the straightedee and three oper-
ations for the compasses as the fundamental operation i1n his system
of geometrography. The five operations and their symbols are:

(1) To place the straightedge on a

given point R,
(2) To draw a straight line with a

straightedge Rk,
(3) To place one point of the com-

passes on a given point Cq
(4) To place one point of the com-

passes on any point of a line C,
(5) To draw a circle Cy

If, in a construction, these operations occur respectively a;, a,.
b4, by, b3 times, the symbol for the construction is a,R; + a,R, +
by +b.L, + bBCB’ The total number of operations is the sum a; + a, +
by +b, +bs, vhich is called the coeflicient of simplicity (S). The
sum @y +b, + b is the total number of coincidences and 1is called

the coefficient of exactitude (E).

The system will be illustrated by Swales’ Construction for finding
the radius of a circle when the center 0 is not given.

(J

A

>

A

With any point O on the given circle O(P) and any
convenient radius r, draw circle D(r) to intersect

0(P) at H and E. C, +
With £ as center draw circle E(r) to intersect
0(P) at C and D(r) at B. Cy+ C3

Draw the straight line BC to intersect 0(P) at A. _
AB is the radius of the circle 0(P) 2R, + R,
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The symbol for the entire construction is 28, + K, + C1 + C2 + 2C3.
The coelicient of simplicity is S =2 +1+1+1 +2 = 7. The coeflicient
of exactitude is £ =1 + 1 + 2 + 4. The construction with the smaller
coeflicient of simonlicity 1s considered tne simpler construction.

Paper Folding

Although, historically, the folding of materials and the making of
knots are cuite old, their apolication to geometry has been made 1n
more recent times. It was about five hundred years ago that the great
German, Albrecht Direr, who was interested 1n geometry as well as art,
first showed that the regul ar and semi-regular solids could be con-
structed out of maver by marking the boundaries of the nolvgons, all
1n one prece, and tiien folding the polygons along the connected edgzes
(3). The first English translation of Fuclid’s Elements, printed in
1570, included a most interesting feature. In the eleventh Pook of
the translation, ficures made of paver were nasted 1n such a way that
they could be opened uo to make actual models of space figures (14).
Over a century later Urbano D' Aviso, a student of Cavalieri, published
a work 1n Home entitled Trate de la Sphere. in which geometric con-
structions were worked out by means of paper folding. The formation
of a regular hexagon and a recular pentazon by means of knots, a tyne
of vaper folding, 1s attributed to him (5).

In 1893 two men of different nationalities and 1n widely separated
countries wrote works on paper folding. Wiener, a teacher in a German
nolytechnic school, showed how to construct regular convex nolyhedra
by paver folding (2). Row, a mathematician of India, wrote a book in
which he gave a more complete treatment of onaper folding (14). This
work was translated by Beman and Smith in 1901 and the book became
readily available 1n this country.

In 1905 another book, entitled First Book of Geometry, appeared
which used paper folding. The authors Grace C. Young and W. H. Young,
feel1ng that Row’'s book was too advanced for children and too puerile
for adults, wrote their book to meet the needs of children. In 1908 it
was translated into German under the title Der Kleine Geometer (20).
The book 1s designed to give instruction to young children i1n funda-
mental i1deas of nlane and solid geometry. No particular anparatus 1s
needed for the constructions chosen and these constructions can be
made and understood by children four and five years of age. Besides
the usual fundamental constructions of geometry, other constructions are
given in the book to develop understanding of the concent of 1nequality,
regul ar polygons, oarallel lines and planes, and the theorem of
Pythagoras.

As shown by Yates (19) with properly chosen postulates, all con-
structions of plane geometry that can be carried out with a straicht-
edge and compasses can be executed bv paper folding.


http://www.jstor.org/page/info/about/policies/terms.jsp

220 MATHFEMATICS MAGAZINFE (March-April

Match Stick Geometry

Match stick geometry, devised by Dawson (5) in 1939, uses as 1ts
sole tool a finite supply of match sticks of equal length. For his
geometry ne chose four postulates:

(1) A straicht line may be lald to pass through a
given polnt, or with one extremityv on a given
polnt.

(2) A line may be laid to pass through two given
points, or with one extremity at one given
point and passing through a second point,
but the two points may not be such as lie 1n
a given line or laid line.

(3) A line may be laid witi one extremity at a
given point and 1ts other extremity on a
given line.

(4) Two lines may be laid simultaneously to form
the sides of an 1sosceles triangle, two of
thelr extremities coinciding and the other
two being given polnts.

Two lemmas and an assumption comnlete the geometry. The lemmas are:
A given line of a length less than, equal to, or greater than the
length of a match stick can be bisected; a line can be laid through
a given point and parallel tc a given line. Since a circle cannot be
drawn, 1t 1s assumed that a circle 1s determined when its center and
a point on the circumference are given.

The construction of a hal f hexagon 1s characteristic of the oper-
ations of this geometry. The equilateral triangle ABC is constructed.
On side BC the equilateral triangle BC) 1s constructed wita D distinct
from A. On side DB the equilateral triangle DBF 1is constructed to
form the half hexagon ACDE. Thus AB is extended in a straignht line so
that AE = 2AB. [his construction also gives a way of constructing a
line parallel to a given line, for CU is parallel to AB.

Under the postulates and the assumptions stated above, 1t 1s pos-
sible to nerform all constructions which are possible with a straight -
edee and compasses.
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PROBLEMS AND QUESTIONS
Edited by
Robert E. Horton, Los Anzeles City Colleze

ileaders of this department are invited to submit for soluuon problems
belleved to be new and subject matter quesuons that may arise in study,
in research, or in extra-academic situations. Proposals should ke
accomp anied by solutions, when available, and by any information that
will assist the editor. Crdinarily, problems in well-known textbooks
should not be submitted.

Solutions should be submitted on separate, signed sheets. Figures
should be drawn in India ink the size desired for reproduction.

Send all communications for this department to Robert E. Horton, Los
Angeles City College, 855 N. Vermont Ave., Los Angeles 29, California.

PROPOSALS
264. Pronosed 0y Norman Anning, Alhambra, Californtia.
Four points are thrown at random on a plane. What 1s the orobability

that taey will bHe the vertices of a convex aquadrilateral?

25. Proposed by Stephen Armstrong, Union College Schenectady, New York,

x2 y2

Wiaat 1s the volume of revolution of the ellipse — + 37; =1
a
revol ved about tnhe line x = y?

266. Proposed by Huseyin Demir, Zonguldak, Turkey.

If M and M’ are points inverse to each other with respect to the
circumcircle of a triangle ABC, then prove that:

/BMC + /BM'C = 2 /A
/ CHA + /OM'A = 2 /B
/ AWE + /MM'B = 2 /C

267. Proposed by Alan Wayne, Cooper Union School ofEngineering, New York.

m
VER- (k - 1)" . 2n
H Ra” kE-l T Jant1r  orove that  lig g n

n+1

263. Proposed by J. ", Clawson, Collegeville, Pennsylvania.

Three coaxal circles, centers atA, B and P have the common points
C and D. Any straight line is drawn through C cutting the circles
again in the ooints L, ¥ and N respectively. Prove that the ratio
LN/NM equal s the ratio AP/Pb.

269. Proposed by M. S. Klamkin, Polytechnic Institute of Brooklyn.

o]
n n-1 n-=2 1

Find the sum Z — ¢ + N el B
] 1! 2! 3! n!
n= )

222
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270. Proposed by Leon Bankoff, Los ingeles, California.

A maximum circle 1s 1nscribed 1n a crescent formed by a semicircle
and a cuadrant of a circle. Find a general exoression for tihe radii of
consecutively tanoent circles touchins the sides of the crescent, the

first touching the maximum circle, the second touching the first and
so oa.

SOLUTIONK
Late Solutions

223, 230, 231, 232, 234 (partially ) 235 Richard K. Guy, Unwversity
of valaya, Stngapore.

242. Thomas F. ‘ulcrone, St. Charles Collepe, Grand Coteau, Loutsiana.
Irrationality of /3
243. [Seotember 1955] Proposed by William R. Ransom, Tufts Collee.

In X:2 Fuclid proves that the secant of 45° cannot be expressed as
the ratio of integers. Using this metiiod of nroof, bisectine the angle

and 1nfinite descent, show that the tangzent of 30° cannot be exvressed
as the ratio of i1ntegers.

1. Solution by the proposer. SPQ is a 30° richt triangle with R
on the bisector of ZSP(Q, and RT perpendicular to PS. Then we have

a, = ST =PS - Pl =20S-P0=2a_, -2, ,
b =R =(OR=0S-RS=0S-2T=a_, -2

n 1 n

1
X

Hence 1f tan 30° = an_l/bn_1 1s the ratio of integers, we can set a
smal ler triangle in which tan 30°= a, /bn, also the ratio of 1ntegers.
But 1f to the members of the 0, equation we add the members of the
inequality a <b we get a + b <a _;-2a +b whenceaq <1/3 ¢
Tt follows that a, 1s less than a < 3", and so it cannot be an integer
for all values of n. This contradiction shows that a,/b, could not

have been the ratio of 1ntegers.
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II. Solution by Richard K. Guy, llniversity of Malaya, Singapore.The

followinz method does not use bisection of the angle, however it does
use infinite descent and 1s essentially equivalent to the proof of the
irrationality of V2 found in Hardy. Pure Mathematics, Ath Fd.. 1933,
p6. Let ABC be a 30° 40° rizht triangle withZA = 30° Angles of 45°
and 50° are also constructed on B4 at A whose sides meet BC produced
i and E. The perpendicular to [.C at D meets AL at F. It is easily
shown that if AB = a and BC = b then DF = Ch = a - b and DE = 3b - a.

) 1 b -
Thus if tan 30°= — =— then also tan 30° = —ji————. The triangle

V3 a 3b - a
FDF 1s smaller than ABC, yet has commensurable sides i1f ABC has.
Renetition of this construction leads to the recuired contradiction.

Norman Anning pointed out that this problem appears on p. 175
of W. R. Ransom’s book 100 Mathematical Curiosities, 1955, Published
by J. W. Walch, Portland, #aine.

Equivalence of Sums

244. (September 1955] Proposed by P.A.Piza, Sar Juan, Puerto Rico.

Take any nine consecutive positive integers and find among them
(with only three duplications) two sets of six integers suciithat
their sums. the sums of the sauares and the sums of their cubes are

equal.
Solution by H. R. Leifer, Pittsburgh, Pennsylvania. This is a
special case of the Tarry-Fscott problem. If ay, a,, ... asib1 » by

bs represents two sets of intezers equal 1n number suca that the
integers in each set have the same sum, the same sum of squares, etc.

uw to and including tiie same sum of the kth powers, then
k+1
arazﬂ..aybl+h,b2+h,“.b$+iz beZH..bya1+h,a2+h,“.a$ +h

Where h 1s any arbitrary number.
Let a;, ay,...ag represent the nine consecutive positive integers.To

meet tie conditions of the problem a, should be included in one of tle
initial sets and suitable h's should be selected so that no integer
exceeding a@g occurs 1in the final set. ao,a3=1a1,a2 then ap,asj, as,

2 . = _ . Z
ayfa,,a,a,ag; h' 2 and ao.aB,au,au,as,aa_al,az.az,aé,aé.a7, h =3
which 1is the desired solution.

(Use of al ternate initial sets and otherh’s will sive the same solution)

Also solved by Richard K. Guy, University of Vtalaya, Sinyapore;
Chih-yi Wang, University of Minnesota and the proposer.
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Direct Yntegration

245.[September 1955) Proposed by Chih~yi Wanpg, University of Minnesota.
[y
Evaluate . Vtan x dx without using approximation methods.

Solution by C..F. Pinzka, Princeton, New Jersey. Letting y= tan x
the given intearal becomes

’

/'1 2y2dy 1 y y
- - d
1+vy* V2 0 y2-/2 v+l Y2+ V2y 4+ 1 Y

0
1 y2 -2y +1 1 /Ty 1
= ——-lo::—-—:—-—Jr——arc tan
232 y24V2y +1 V2 1 - y2 o
1

— Jloe (V2 -1) + 7
/2 2

Remark: In a sense this is still not the solution required, since
7 and log ( V2 - 1) must still be evaluated approximately. One could
just as well have given a name sucn as Ugh(x) to the series re-
sulting from direct intesration of y2 - y& + ..

Also solved by PFC Billy J. Boyer, Murphy Army Hospital, Waltham,
Massachusetts; Huseyin Uemir, Zonguldak, Turkey; H. M. Feldman, Wash-
ington University, St. Louis, Missouri; Richard K. Guy, University
of Malaya, Singapore; Ratib A. Karam, University of Florida;, Joseph
D. E. Konhauser, State College, Pennsylvania; Walter D. Lambert
Canaan, Connecticut; Carman E. Miller, University of Saskatchewan;
Lawrence A. Ringenberg, Eastern Illinois State College; Hazel S.
Wilson, Jacksonville State Teachers College, Alabama and the proposer.

Yaclaurin’ 8 Expansion

24G. [September 1955] Proposed by A.S.Gregory, University of llinots.

Let a function be defined by b f(x) - ax = sin (a f(x) + bx) with
0<a <b, a2 + b2 = 1. Expand f(x) in a Maclaurin’s Series.

Solution by Chih-yi Wang, University ¢f Minnesota. Let w=af(x)+ b.

Then the given function is transformed, by aid of a2 + b2 =1 ints
F(x,w) = 0, where

F(x,w) = x - bw + a sin w

= - (b = a) - — R —_—— e
(D x a) w 3 + +
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Since F(0,0) = 0, FW(O,O)Z - (b -4a) #0, and
| any coeicrent of w 1n Flx,w)| <1,

it is well known that the Maclaurin’s series of w, hence f(x), exists
and reoresents an analvtic function 1n the neighborhood of x = 0. The
majorant series of w(x) 1is

wo=Y% (1 - (1 =x)7F (1 -9x)%

By substitutinz w = cyx + 62x2 + c3x3 + ... into (1), and equating
the coefficients of x successively we obtain c, = 1/(b - a),

c, =0, cy3=-a/3(b-a), ¢, =0, cg=al9a+5)/5(b-a),
cg =0, c; = -a(225a + 54cb + D /T (b - a) !0, ¢ = 0,
cg = a(11025 ¢’ +4131 a B +243 a0%5°)/51(b - @) ',

llence, by aid of a2 + b2 =1, we zet

b +a x? 9a + b)x® (225 a? + 54 ab + b’
Hx) = x — + -
b - a 3(b - )% 54b - a)] TH(h - ) 10
(11025 a2 + 4131 a?b + 243 ab? + b3)x®
91(p - a)l3

Note that the method of undetermined coefficients can be applied to
the followinz well known more general problem:

Let the following relation be given

[oo]

Yo\
F(z,w) =2 ,Ah(z)u/' =0
h=0
vhere .
- k —
Ah(z) = E.-Jahkz ; h =0, 1, 2,
k=0 '
such that [a,,| <¥; h, £ =0,1,2,... (i 1s indevendent of h and k),

F(0,0) = agy = 0, Fw(0,0) = ay, # 0,

[lhen we can exoand w 1in tae neighborhood of 2=0 to the following fom

= 2 3
W= ocyz o4 0,2zt ko2’ v

which represents an analytic function, whose majorant series 1s
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1
o - (1 = ] _ 1) 2 H
w = ST [1 ( 2) {1 (1 + 2¥) %z }y 2],

The 21ven oroblem is a very spbecial case of the =zeneral problem.

Also solved by tlichard K.Guy, University of Malaya, Singapore.

A Greatest Integer Function

247. [Sentember 1955) Proposed by Julian ll. Braun, White Sands Proving
Ground, New Nexico.

[3n /4] u
Reduce  f(n) = Z E 3; to tue form [(#(n)] where
k=1

i1=1

u=n -[(4k - 1)/3], &(n) 1s a nolynomial and [x] denotes the createst
intecer less tlian or ecual to x.

I. Solution by the proposer.

(3 3] pan
PIDIN
=1 L=
(3n44]
5%
=_2 1=
Z: 31 +g 31 +Z: 3i + f(n):

fln +4) - f(n) = 3(3n2+ 150 + D)/2.
Now let f(n) = [an? + bn? + cn + d]. Then
fn +4) = f(n) = 12 an? + (48a + 8b)n + S4a + 15b + 4c
12a = 9/2; a =3/8. 48a + 8b = 45/2; b = 9/15.
54a + 15b + 4c = 30; c¢=-3/4. Therefore

fn + 4)

+

It

f(n) = [(3/15)n (2n + 3n = 4) + d]. We find
fC0) =0 =[d] , f(1) =0 = [3/15 +d]), f(2) =3 =[15/4 + d],
f(3) = 12 = [207/15 + d], whence 0 < d < 1/15.

The simplest form for g{n) is obtained by setting d = 0.
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1X. Heuristic treatment by Richard K. Guy, University of Walaya,
Singapore. To develop a formula for g(n) we calculate the first few
values, tabulate, then find the first, second and third differences.
The third differences recur and average 9/4. The leading term is there-
fore 9/4'n3/6 or 3/8n3. This can be obtained by observing that the
sum is three times the number of points in three dimensional sbace
with integral coordinates inside a tetrahedron whose oerpendicular
edoes are about n, n, (3n)/4. That is:

3+1/3+1/2n%3n/4 = 3/8n3.

Next calculate the difference between the actual values and 3n°/8.
These have their second differences recurring and averazing 9 /8. This
gives a second term of 9/8+ n2/2 =(9n?) /16, Continuing in this
fashion the third term is -3n/4 and the fourth term is 0, -3/15,
-3/4 or -15/15 according as n =0, 1, 2, 3 (mod 4). These all lie
between zero and -1 so the result g(n) =(3n)/15 (202 + 3n - 4) follows.

Also solved by Chih~-yi Wang, lniversity of Minnesota.

Collincar Points

248. [September 1955] Proposed by Huseyin Demir, Zonguldak, Turkey.

Let rl and I_'z be two plane curves. Let t be a variable line inter~
secting these curves at the points M., , where the tanzents t; and
t, to the curves are parallel to each other. Prove that the centers of
curvature C; and C, of [, and ', at W, and ¥, are collinear with the
characteristic point -C of the straight line ¢t.

Solution by the proposer. Considering tie new position t' of t
very close to t, we have MM '/sin A6 =C'M,"/sin My where M ' is
close to Ml on rl' and A = (t,t'); the angle between t and t'.

Infinitesimally
ds /do = QM (/sin yy,  uy = (¢, t,)
dsz/dﬁ = (M, /sin u,, M, = (t,tz)

[E3

H
3 3

and similarly

Having sin My = sin U,, as t,; 1s parallel to t, we get

ds,/CM, = ds ,/CM,
which in turn vyields

I

(ds , /da)CM = (ds, da)ou,

R/CM, = R,/CM,
where da is the infinitesimal angle relative to the parallel normals
at M,,¥,, and R,,R, the corresponding radii of curvature. The last
ecuality proves the statement.

Also solved by Richard K. Guy, University of Malaya, Singapore
and Chih-yi Wang, lhiversity of Winnesota.
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A Polynomial of Degree n2

249. [September 1955] Proposed by David Sayre, IBM Corp.,New York.

The zeros of a polvnomial P(2), of degree n?, all lie on the unit

circle and are exoressable as exo i(a; - a,) with j, k = 1,2,3,...n.Tae
a’s are a set of n unknown real numbers. What can be said about the

coefficients of the pol ynomial?
Solution by Chih-yi Wang, lniversity of Minnesota. Let P(2z) pe

written 1n the followinz form:
2
n

P(z)= K [z"2 + Z(—l)'c,.znz“'], K £O
r:‘.

Then we can say that all Cr are real symmetric functions of a’'s

furthermore € , =1, €. =C , forr =1, 2, ..., n?-1, for P(z)
n n - r
can also be written in the factored form:

P(z) = K(z - 1) sgt [(22+ 1) - 22z cos (as - at)]

where s runs from 2 to n? and t runs from 1 to n? - 1. The last
propertyv of Cr mentioned above follows from the fact the P(z) 1s
a reciprocal equation.

Also solved by Richard K. Guy, University of halaya, Singanore.

Guy pointed out that the coefficients could be exoressed i1in the
following form:

For n =1 : x -1
n=2 : (x-172[x% 2x cos (a, - az) + 1)

and 1n general

2 2
(x = 1" [an"n 240 ool z :cos (a; - aj) T |

i>7

QUICKIES

From time to time this department will publish problems which may be
solved by laborious methods, tut which with the proper insight may be dis-
posed of with dispatch. Readers are urged to submit their favorite problems
of this type, together with the elegant solution and source, if known.

Q 165. Tae rectangular axes x and v are rotated throuch an angle a.

dY d2Y
If the new axes are designated as X and Y, find z} and ;}3 1n terms
dy d?y . .
of — and ——. [Suomitted by enry E. Fettis.)
dx dx

Q 166. Can the sum of the cubes of the first m consecutive 1integers
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equal the sum of the cubes of tae next n consecutive intezers?
[Submitted by Huseyin Demir.]

Q 167. Prove that 1 +1/3 +1/5+ ... + 1/2n -1 for n > 1 can never
be an intezer. [Submitted by M. S. Klamkin.]

Q 168. Fvaluate the determinant

a? + d? ab + de ac + df
A= ab + de b2 + €2 bc + ef
ac + df be + ef c? + f?

(Submitted by Selig Starr).

G 169. Show that 1f u,v are odd and p > 0, then
(uzpm - vzp”‘)

= ®-1 (24 -~ 1), ¥ and intezer.
(uZm _ vZn)

[Submitted by Richard C. Bartell.]

ANSWERS
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TRICKIES

A trickie is a problem whose solution depends upon the perception
of thekey word, phrase oridea rather than upon a mathematical routine.
Send us your favorite triclies.

T 21. Given a standard 8 x 8 chess board. BRemove the two diaconally
opposite scuares. Can this altered board be covered by 31 tiles, each
tile of dimension 1 x 2 squares, without gan or overlan?

) (Submitted by R.F.Benton)
T 22. Solve the simultaneous system

cos A cos B+ sin 4 sin B sin C = 1
stn A + sin B =1

A+ B +C=180° (Submitted by M.S.Klamkin]
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T 23. In France during the war when tobacco was scarce, 1t was cus -
tomary to save cizarette butts and roll new cigarettes out of their
tobacco. If one cigarette can be rolled from three Lutts, what 1s the
total number of cigarettes one can get from an ordinary pack of 207

[Submitted by Paul B. Johnson.)
SOLUTIONS
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obtained his Ph.D. from Yale University in 1948, and taught at Yale
and at Rochester before his appointment to his present position as
Assistant Professor of Mathematics at Trinity College.

Riographical sketches of Jerome Hines and L. E. Diamond eppeared in
the November-December and January-February issues, respectively.

Articles by the following authors appeared in the January-February
i1ssues.

H. A. Arnold, Assistant Professor, University of California, Davis,
was born in Chicago in 1912. A graduate of the University of Nebraska
(A.B. ’33) and of the California Institute of Technology (Ph.D. ’39),
Dr. Arnold spent a year at the Sorbonne 1n 1933-34 and later was an
instructor at Minnesota (39-40) and at Princeton (41-42). During the
war he served as a lieutenant in the U.S. Navy.

Roger Lazarus received his Ph.N. in Physics from Harvard University
1n 1951. Since then he has been with the Theoretical Division, Los
Alamos Scientific Laboratory. His mathematical interests include ap-
plications of high speed digital computers, as well as their design,
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