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Mathematical Analyst Keith Kersery loads jet transport flutter problem into one of 
Lockheed's two 701l's. On order: two 704's to help keep Lockheed in forefront of numeri- 
cal analysis and production con'trol data processing. 

704's and 701's speed Lockheed 
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will replace the 701's. 
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ments created by Lockheed's diversified development program and 2) the advanced 
nature of the work, which falls largely into unexplored areas of numerical analysis. 
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SYMMETRICAL TYPES OF CONVEX REGIONS 

Andrew Sobczyk 

Foreuo rd 

A region C in the plane, or in vector space of any number of di- 
mensions, is convex f whenever P, Q are points of C, the line segment 
PQ is entirely contained in C. A region S is starlike if there is a 
point 0 of S, such that for every direction, the intersection with 
S of the ray or half-line from 0 in the direction is either the 
entire ray, a segment with 0 as one end-point, or only the point 0 
(as may be the case if 0 is on the boundary of S). To facilitate 
analytic rather than synthetic study of symmetry, in this paper so- 
called gauge-functions areassociated with convex and starlike regions. 

For examples, the interior of a triangle is an open convex region; 
the interior plus the edges and vertices is a closed convex region. 
The interior of any non-convex quadrilateral, not having intersecting 
sides, is a starlike region. The gauge-function for an ellipse C is 
p(x) = [(xl/al)2 + (x2/a2 )2]i; C is the set of all points x for 
which p(x) < 1. 

A plane region R has irnvolutory symmetry in the origin if for 
every point x = (x1,x2) of R, the point (-x1, -x 2) is also a point of 
R. Unlike a circle, ellipse, or parallelogram, a triangle does not 
possess involutory symmetry in a point. 

An ellipsoid with two equal semi-axes is generated by rotation of 
an ellipse about the third axis, and therefore hlas complete rotational 
symmetry about the axis. In this paper, we explore the possible types 
and interrelations of rotational and involutory symmetries which may 
be possessed by regions in n dimensional space. 

Plane and solid analytic geometry, elementary group theory, and 
some acquaintance with matrix algebra, or study of reference [2], are 
suffic-ient for understanding most of the paper. For full appreciation 
of section 2, however, it would be desirable to have a knowledge of 
thie elements of the theory of normed vector soaces. 

1. Introduction 

Section 2 is devoted to gauge-functions, which are functiona on 
rn dimensional vector space En to the real half-line [O,301, "closed" or 
"comactified" by addition of an ideal point +0. It is shown tthat any 
convex or starlike region has an associated gauge-function p(x) of 
suitable nature, and conversely. (If the region is open, or if the 
origin is interior to the region, the associated gauge-function does 
not assume the value +a0-) It is proved that any non-negative function 
p(x) which has any two of the properties positive homogeneity, sub- 

175 
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176 MATHEMATICS MAGAZINE (MNarch-April 

additivity, convexity, must hlave all three properties, and is the 
gauge-function for a convex region. 

In section 3, after recalling for the reader thie geometric meaning 
of involutory symmetry in any subspace of En, it is proved that if 
a region C hias such symmetry in each of a set of complementary linear 
subspaces Lo1f.., Lk of E , then C is symmetric withi respect to tile 
origin (thiat is, the gauge-function for C is a Minkowski or Banach 
norm on En). Possible regions which have specified sections C1,... ,Ck 
in L 1, e,Lk are discussed; a region C is said to be of standard type 
with respect to L 1i. .,Lk#if the pro jections of C onto L1,...,Lk 
coincide respectively with the sections of C in L j, ..Lk * llere an 
interesting question is the following: Is every convex region C in E, 
after a suitable translation, of standard type with respect to some 
choice of n one-dimensional subspaces n , . . , UH which span En ? (The 
author has presented a preliminary report [3], which includes an 
affirmative partial answer to this question, to the American Mathe- 
matical Society.) It is also shown in section 3, by use of gauge- 
functions, that the origin 6 is not a boundary point for any convex 
set C which is symmetric in 0, unless C is entirely contained in a 
linear subspace Ek of En. k <rn. 

Generation of rotationally symmetric regions is discussed in section 
4, and it is shown that the gauge-function for any such region may 
be expressed in terms of lower dimensional gauge-functions. Also it 
is proved that if a region C is invariant under any sub-interval of 
rotations, then it is invariant under the rotations of the entire 
interval 0 <q?<2Tr. 

A region C which has involutory symmetry in complementary linear 
subspaces L1,. ,Lk is symmetric in the origin 6 because the product 
of the corresponding involutions V1,. .9, V . is the negative identity 
(- ); likewise C has symmetry in 0 if C is invariant under any set 
of transformations whose product is (-I); some facts about possible 
regions C which are invariant under various groups of transformations 
are derived in section 5. In section 6, it is shown that for any 
bounded convex or starlike region C with 6 in its interior, any 
possible linear transformation T under which C may be invariant is 
such that there exists a choice of basis vectors for En , with respect 
to which T appears as an ortlhogonal trans formation. It is also shown 
that if C is any region and T is any non-involutory orthogonal trans- 
formation, thlen there exists a region J(C), not essentially di:Ierent 
from C, such that TC equals UJ(C), where U is an involution. Finally 
in Section 7, there is a discussion of so-called "composite" regions, 
that is, regions which correspond to lower dimensional regions, in an 
analogous way to the correspondence of rotationally symmetric regions 
to lower dimensional spheres. 
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1956) SYMMETBICAL TYPES OF CONVEX REGIONS 177 

2. Gauge- functions 

If x = (x I vI,x ) is a point of E , where the coordinates are 
with respect to any particular basis, thien for any real r, tthe multiple 

(rx ( ,rx ) is also a point of En. For any set R of EI, we may 
consider the set rR which consists of the multlples ri. for all x in R. 

For a convex or starlike region 4, locate(d so that the point 
0, contained in or on tlhe boundary of A (in case of ccnvex 4, 0 may 
be any sucti po int), is the origin of En, we de fine a gauge -furic t ton 
V (xon En to be the infimum (greatest lower bound) of values of 
r > O for which x is contained in rA; if x is in rA for no positive 
r, we define p(x) +a. If A is unbounde(d in the direction x, the 
infimum is zero. We define also p(O) = 0. (Compare with [1].) It 
follows immediately from the definition that v(x) is positive homo- 
geneous; that is, that p(ax) = ap(x) for all a > 0 (wit the under- 
standing that a.(+o) = +j for all a > 0). 

If p(x) is the gauge-function for A, then evidently A contains all 
points x for wlich p(x) < 1, and is contained in tlhe set for which 
p(x) < 1. If it is desired to consider regions A whicic do not contain 
all points for which p(x) = 1, let such points which are not in A be 
omitted from thie domain of definition of p(x). With this convention, A 
in any case is the set of x for which p(x) ? 1. 

Even if no points are omitted from the domain of definition of 
p(x), the set A of all x for which p(x) < 1 may not be closed. This 
is shown by tthe example p(x) = 0 in an open angular sector of tthe 
plane, P(O) = 0, and except at 0, p(x) = +cx outside the sector. 

For the main purposes of tnis paper, there is no loss of generality 
in assuming that the regions A considered are such that no points of 
Enare required to be omitted from the domain of definition of P(x). 
Therefore, throughout the rest of the paper, let it be understood 
that thiis assumption is made. 

REMARK 2.0. If p1 and p2 are the gauge-f tnctions for two starlike 
or convex regions S,, S 2, tlien it follows immediately from the 
definition of gauge-function that S1E S2 if and only if p1(x) > 

P2 (x) for all x in En 
Thooreni ;. 1. Any positive homogeneous, non-negative function 

p(x), with p(O) = 0, is the gauge-function for a starlike region A 
with respect to 0, and conversely any starlike region A has an 
associated positive homogeneous function p(x) such that A is the set 
of all x for which p(x) < 1L 

Proof: The converse has been established above. Let A be the set 
of x for which p(x) < 1. If x $ 0 and p(x) < 1, then. the segment 
{cx}, 0 < c < a, where p(ax) = 1, is contained in A by positive 
homogeneity; in case p(x) = 0, the ray {cx}, 0 < c < , is contained 
in A; therefore A is starlike. 
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A function q(x) on E is subadditive if q(x+y) ? q(x) +q(y) for n 
all x,y in E n Let any positive homogeneous, non-negative, suibadditive 
function q(x), with q(O) = 0, be called a pseudo-sub-norm; and 
a pseudo -seri -norm in case q(x) < +x for all x in E Let the prefix n 
pseudo- be dropped in case q(x) > 0 for all x / 0. For convex 
regions we hiave the following theorem. 

Theorem 2.2. Any pseudo-&ub-norm q(x) is the gauge -function for 
a convex region C, with the origirn 0 interior to or on the boundary 
of C; and conversely, the gauge-function for any convex region C is 
a pseudo-sub-norm. A similar stat?ment, with "pseudo-sub-norm", re- 
placed by "pset4o-semi-rnorm" may be made, in case 0 is interior to 
C. In both statements, the prefix "pseudo-" may be dropped irn case 
C is bounded ( in a Euclidean metric on En), except that a sub-norm 
q(x) which is not a semi-norm (q(x) =+ for some x of En) may cor- 
respond to an unbounded C. 

Proof: We first establishi the converse statements, by proving that 
the gauge-function p(x) for C, as defined above, has the required 
properties. For 6 and any x in En, we have p(O+x) = p(x) < p(O) + p(x) 
since by definition p(O) 0. If x,y of En are both different from 
6, we have tthe following possible cases: (i) p(x) p(y) = 0; 
(ii) +ca > p(x) > 0, +0 > p(y) > 0; (iiI) +co = (X) + > p(y) > 0. 

In case (i), for arbitrarily smalI E, there exist x',y' in C such 
that x = ex', y = cy', and by convexity of C and positive homogeneity 
of p, we have p(2'X'+ 12y') ? 1, p(x' + y') < 2, p(x +y) = cp(x' + y') < 

2e; therefore p(x + y) 0 < p(x) + p(y), and p is subadditive as 
required. In case (ii), let p(x) = k, x' x/k, y' = y/c, where 
c = p(y) if p(y) > 0; otherwise c may be positive and arbitrarily 
small. Then p(x') =1, P(y') = 1 or 0, kx'/(k + c) + cy'/(k + c) = 
(x + y)/(k + c), and by convexity of C and positive homogeneity of 

p, we have p(kx ' + cy' k + c) = (x + y),/(k + c)] < 1, or 
P(x + y) < k + c. Thus, we have either P (x + y) < p(x) + p(y), or 

p(x + y) < P (x) + p(y) +c for arbitraril y smal I c, and p is sub- 

additive. In case (iii), since p is non-negative and in particular 
P(y) t -co, we have p(x) + p(y)- +a) > p(x +y),for all x,y in En 
If 0 is interior to C, tlhen every point y / 0 of En is of the form 
cx, with c positive and x in C; therefore p(y) < +x, tthe cases where 
p = + cx do not arise, and always P < + 3o , so P is a pseudo-semi -norm. 
If C is bounded, then for eachi y / 0 there will exist a positive r 
such that y is not in rC, and t1se cases where P = 0 do not occur; 
that is, p is a sub-norm or semi-norm. 

Verification of the direct statements of the theorenm is immediate: 
If q(x) is a pseudo-sub-norm, ttien the reaion C defined by q(x) < 1 
is convex, and has q(x) for its gauge-function. For if x,y are in C, 
then by positive homogeneity and subadditivity, q[ex + (1 e)y] < 
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1956) SYMMETRICAL TYPES OF CONVEX REGIONS 179 

eq(x) + (1 - e) q(y) ? 1 for any e in 0 - e < 1, since by lhypothesis 
q(x) < 1, q(y) < 1. If q(x) is a pseudo-semi-norm, then q(x) < + 2 

for all x of E ; that is, x is in rC for some finite r, and 0 muist 
be interior to C. 

If q(x) is a senmi-norm, q(x) < +x and q(x) > 0 for all x / O.The 
function r(x) = q(x) + q(-x) has the property r(bx) = |bi r(x) for 
all real b, since r(bx) = q(bx) + q(-bx) = r(-bx); therefore r(x) is 
a norr.-0 Similarly s(x) = max [q(x), q(-x)] is a norm. It is well- 
known that any norm on En is isomorphiic with the Euclidean norm; tihat 
is, any norm r(x) is bounded and bounded from zero on the Fuclidean 
unit sphere 11 X 1. By compactness of the unit sphere, any infinite 
sequence of points on the sphere has a subsequence {xi} which is 
convergent to a point x of the splhere. Assuming that C = {x|q(x) < 1} 

is uinbounded, thiat is, that q(xt) - 0, we have r(x ) = q(xi) + 
q(xi) -x r(x) since r is a norm, or r(x) q(x) + q(-x)= d =lim q(-xi.) 
Since by hypotthesis q(x) > 0, q(-x) > 0, we have 0 < q(x) < d, 
O < q(-x) < d. But since q(x') -.0 and s(x) is a norm, s(xl) 
max[ q(xi), q(-xi)] - lim q(-x') d = s(x) = max [q(x), q(-x)], so 

either q(x) or q(-x) is equal to d. From the contradiction it follows 
that C must be bounded. 

Finally, the exception at the end of the statement of Theorem 2.2 
is established by the following example: For points x = (x1, ...,x 
of En) define q(x)= xn/b, b > 0, for xn > 0, q(O) = 0, and q(x) -+ c 

for x ) 0, xn < 0. Then q is subadditive, positive homogeneous, and 
q(x) > 0 for all x / e; that is, q is a sub-norm, but C = {x|q(x) < 1} 
consists of the unbounded slab 0 < xn < b and the boundary point 0. 

A function q(x), on En or a convex subset of En. to tthe real 
number line compactified by the addition of both -cc and + , is coruex 
in case q[ex + (1 -e)y] < eq(x) + (1 -e) q(y), for all x,y in E and 
e in 0 < e < 1. If q is defined only on a convex proper subset of 

En, define q(x) + x thirouglh the remainder of En; this does not change 
the convexity of q. The set Ck of al I x for which q(x) < k, for any 
constant k in [ 2D, +4] is eitlher empty or convex. For if x,y are in 
Ck, we have q[ex + (1 - e)y] <i ek + (1 -e)k = k; that is, ex + (1 -e)y 

is in Ck, and C is convex by definition. Similarly C. = {xjq(x) < < } 
is convex. Thus, there is associated witth every convex function q(x), a 
one-parameter family of convex sets {Ck}, together withi a convex set 
COv, which includes Ck for every finite k. 

If f(t) is any monotone non-decreasing, convex function on [-cx,0i 

to [0,ax], for example the exponential function, and if q(x) is convex 

On En) then f[q(x)] is convex. For we have f{q[ex + (1 e)y] } < 
f{eq(x) + (1 -e)q(y)} _< ef[q(x)] + (1 -e)f[q(y)]. Tlherefore, to 
every convex function with range in [-x,o], there correspond convex 
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functions with range in[0,x], whichi have the same associated family 
of convex sets in E n 

If p is a convex function with range included in [0,], then unless 
p(x) = +co for all x in En there exists a point w Ln En such that 

p(w) < o. The convex function r(x) = p(x + w) then has r(O) < ca, and 
the associated family of r(x) is a translated associated family of 
p(x). In case the infimum h of p is attained at a point of E ,nthis 
point may be taken as w, and r(x) = P(x + w) -h will be a non-negative 
convex function, with r(O) = 0, having essentially the same associated 
one -parameter family of convex sets as an arbitrarv convex function 
q with range in [-cqjo] which attains its infimum. If the arbitrary 
function q does not attain its infimum, then the equivalent (in the 
sens v of having the same associated family) non-negative function r 
must have r(O) > 0, and r(x) > 0 for all x in En but inf r(x)=O. 

In case r(x) is a gauge -function for a region C, the region 
r(x) < k for each k, is similar or homothetic to the region C 
{xlr(x) I 1}. Tlhis is not the case for the family of convex sets 
associated with a general convex function. We have, however, the 
following theorem relating non-negative convex functions with r(O) = O, 
and gauge-functions. 

lTeorem 2.3. For functions r(x) with domain En- and range included 
in [O,], with r(O) = 0, any two of the properties subadditivity, 
positive homogeneity, convexity, imply the third. 

Proof: Suppose first that r(x) is positive homogeneous and sub- 
additive. Then respectively by subadditivity and positive homogeneity, 
r[ex + (1 -e)y] < r(ex) + r[(1 -e)y] = er(x) + (1 -e)r(y) for 
0 < e < 1, so r(x) is convex. 

Suppose r(x) is positive homogeneous and convex.Then respectively 
by positive homogeneity and convexity with e = '2, r(x + y) = 
2r('2x +'2y) < 2[t4r(x) + '/2r(y)] = r(x) + r(y), so r(x) is subadditive. 

Suppose r(x) is subadditive and convex. For b >1 between integers 
n and n + 1, let b = n + d (1 -d)n + d(n + 1). Then by sub- 

additivity r(nx) < nr(x), r[(n + l)x] < (n + 1)r(x), and by 
convexity r(bx) = r[(1-d) nx + d(n + 1)x] ? (l-d)r(nx) + dr[(n + l)x] 
< (1 -d)nr(x) + d(n + 1)r(x) =[(1 -d)n + d(n +1)]r(x) = br(x). 
If a = 1/b, y = bx, then by the preceding inequality, r(y) <1 br(y/b), 

[r(y)./b] < r(y /b), or ar(y) < r(ay) for 0 < a < 1 On the other hand, 
r(ay) = r[(1 - a)O + ay] < (1 -a)r(O) + ar(y) = ar(y), by convexity. 

Therefore, r(ay) = ar(y). For b > 1, let x = (y/b) = ay; then r(x) = 

( 1/b)r(bx), or r(bx) = br(x) for al 1 x in En and b > 1, Therefore 

r(x) is positive homogeneous. 
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3. Involutory Symmetry in Complementary Subspaces. 

It follows immediately from the definition of gauge-function, that 
a convex or starlike set V is symmetrical in the origin 0, if and 
only if its gauge-function q(x) has the property q(-x) = q(x) for 
all x in fEn? Let any gauge-function with the latter property be 
called symmetric. We }save the following theorem concerning symmetric 
gauge- functions. 

Theorem 3.1. A symmetric pseudo-semi-norm p(x) is a pseudo-norm. 
For any symmetric pseuo-sub-norm q(x), if (L is the smallest linear 
subspace of Fn which contains the subset of I,,n where q(x) <oo, then 
q is a pseudo-norm on L, and q(x) = v for all x in the set (En - L). 

Proof: If p(x) is a symmetric pseudo-semi-norm, then by hypotliesis 
p (-x) = p(x), and for a > 0, pk-ax) ap(-x) = ap(x), so p(x) has 
the property of homogeneity, whichi i s required in order that it be 
a pseudo-norm. 

Let L be the smallest linear subspace which contains the set C 
{x|q(x) < m}. If L contains a one-dimensional subsoace E1, then by 
symmetry if x 7 0 is in C and in E1, q(-x) = q(x) < x, so El = C. 
If C contains a linear subspace E-i of dimenslon (k -1), and an 
element y not in Ek -l then by symmetry q(-y) = q(y), and by sub- 
additivity and posltive homogeneity, q(x ? cy) < q(x) + cq(? y) for 
any c > 0 and x in Ek 1 so q is finite in the l inear subspace Ek 
spanned by Ek l and y. Therefore L = C, and q is a pseudo-norm in L. 

Theorem 3.1 suggests the following definition. A convex region 
or set V in En is a convex body, in case the gauge-function q(x) for 
K has the property that C = {xjq(x) < x} is not contained in any Ek 
for k < n. The geometric meaning of Theorem 3.1 is that the origin 0 
is nota boundary point of any convex body V which is symmetrical in 0. 

Any transformation UJ of L; onto E such that U2 = F, whiere I is n n 
thie identity, is an irnvolutionr. A region C which is invariant under 
an involution U / I will be said to have involutory symmetry. Sym- 
metry in the origin 0 is one type of involutory symmetry; for this 
symmetry U = -I. rhe only invariant point of rI - I is the origin 0. 
If L is any linear subspace of En a there exist linear involutions U 
which have L as a pointwise invariant subspace. For if the dimension 
of L is m, suppose that cx, .o, oXM, o'm+1 - v (xn are a basis for 
En, where c1 , v.., c.m are chosen to span the subspace L. Then we may 
define U by the equation U = x1i 1 +...+ xx- xm+1(xm+l ... -n xnc 
where (x1 , xn ) are the coordinates of any point x in En witth 
respect to basis {c(}. (We may denote the matrix corresponding to 
any linear transformation U by the same letter U.) For the involution 
just defined with respect to basis {ax}, the matrix {I has diagonal 
form with Il, -in m on the diagonal, whiere Ik denotes the k dimensional 
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identity matrlx. 
Conversely, we have the followingr: 

Lemma 3.2. Any lirnear involution UJ has a pointwise invariant sub- 
space L, and thiere exists a choice of basis such that matrix U1 has 
diagonal form wi th Im, -In -m on the diagonal, where ni is the di - 

menszon of L. 

Proof: The only possible eigenvalues of an involution are f1. For 
it Ux = tx, we have U2x = x tUx = t2x, t2 = 1 t = +1. From this 
if fol lows that the basis may be chosen so that matrix 'J has super - 

diagonal form (elements below the diagonal are all zeros) with "', 
- In mon the diagonal, where m is the multipl]icity of eilenvalue + 1l 
(See [2]) For example, the matrix U al has the property UJ2 
and so defines an involution. 

To show that the basis may always be chosen so that elements 
above the diagonal, as well as below, are zeros, we introduce the 
notion of the two associated pro ject ions of any involution (J. A 
pro jection is any linear transformation P such that P =; since 
U2 = I the transformations P = Y2(U + r) are projections. A pair of 
subslaces L1, L2 of En are complementary subspaces if eacih x ir 
En has a uniutie expression in the form X x inL x in n 1 2.1 1 in 2 in~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~h fr 1?x,?1 
l2; uniqueness impl ies that Li n L 2 0 For any projection P, the 
subspace L1 = {xIPx = x} and the nuIl subspace L2 = {Y Py = O} are 
complementary subspaces, since each x in E has the uniquie expression n 
x = Px + (r - P)x, Px in L 1, (I - P)x in L2. For P = '/2( + I), sub- 
space L1 is the pointwise invariant subspace of involution l = 2PP-I, 
and subspace L 2 has the property that Ux 2 - x2 for all x2 in L2. 
(Accordingly we say that I' is an involution irn subspace L , through 
subspace L2 ) For any involution U, basis {cx } may always be chosen 
so that (1, . e ? a M span L 1, and %xm C 1 , e . s n span L2; for this 
choice, matrix U has the required form. (If an element u. above the 
diagonal were not zero, the product of L' into the column vector 
(b k ) where 8 Jkis the Kronecker delta with j fixed, would be a 
co un vector with ii u for i'th coordinate, contrary to U(bk )=+(b jk).) 

SuPpose that En is decomposed in any way into k complementary 
linear subspaces, E L 2 . e ( L Tat is, each x in E has 
a uniqlue decomposition x = x1 + ... + xk, x; in L for j 1, .e , k. 
We shall write also x = (xi, ..., xk)_ 

Theorem 3.3. Let p(x) be thie gauge-f unction for a convex region 
C in E4n If C has involutory symmetry through each of the complementary 
subspaces l., that is, if for all x = (x1, ...,x) in E 

p(-x1J X2 . * Xk) p(x1, X2, x .2 , Xk) 

p (x 1, -x2, . Xk) = p(x1, x2. Xk ) 
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P(x1} X 2) -e o -k) = 
p(Xj, X 2) ee. e k X), 

then C is symmetrical tn the ortg,in 0, and p(x) is a norm or pse uio-- 
norm for En. 

Proof: For eacth y E En) Y = (y1, )Yk ) a" ly in succession 
the eqluations in the statement of the tlheorem, as fol lows: 

P(ylX v v QYk)=P( yl)y2X e- Iyk )=P(-yl,,-y2,Y3', e eeXYk )=- o=p(-y,1-7y2, e ? }yk ) 

Thus for al l y C En I p(y) - (-y), which impl ies that p is a norm 
in case p(y) > 0 for all y / 0; otherwise P is a pseudo-norm. (Remark: 
In the latter case, C is a cylinder, and is unbounded; that is, C 
contains entire lines of En If 4'! is the linear subspace of all x for 
which p(x) = 0, p determines a norm for the quotient-space En /1, and 

n~~~~~~~~~~~~~~~~~~~~~~~ C is the Cartesian product of 41 and the unit sphere for the norm in 

(Jefinition 3. 4. If p(x) p(x1, . . , x ) is tthe gauge-function 
for a convex region C C F, the convex regions Cel ek' e1 = +1 
j 1t ...e k, corresponding to the gauge-functions 

P (x) =p(e XJ.'I eX) el, . ek k k 

are called isomers of C, or convex regions isomeric to C. 
Let C1, ...I Ck denote the sections of a convex region C in the 

complementary subspaces Li, .o.. Lk' Then the gauge-function for 
the section C. is p .(Xj ) = p(, ..., 0, x, 0,I . . ., I0). Conversely, 
if C1, ... , Ck are arbitrary convex regions in L ...1 Lk, eachi 
containing 6, with gauge-functions p(x), ... pk(Xk), then there 
are many different convex regions C having C1, .,Ck as sections. 
One such reaion is the Cartesian product of C1, *.., Ck; another is 
the convex hull of C1, . . , Ck. Let the gauge-functions be cylindrically 
extended to En: Pi (x. ) = p.j(x) = pi (xl . x.., x;, . . ., xk) . l'hen 
evidently the gauge-function for the Cartesian product is o(x) = 
max pi(x), and the gauge-function for the convex hull is q(x) = 
k 
F_' 

j(x). 

A class of intermediate regions between the convex hull and the 
Cartesian product correspond to the gauge-functions 

k 
P(x) Kz p. ~]/,1< r < co. 
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(We tuse a similar terminology for the pointwise invariant subspace 
artd the null subspace of a projection P>, to that used for tthe associated 
involution U = 20 - r: Pi s a projection through the latter subspace, 
onto the former subspacei) 

For a convex region C in E n) let n1, v..., Dk be respectively the 
i)rojections of C onto E. tlhrough El 0 . LK - 13 Lj+l Lk 
7 =1}e eO ko Then in general the projection D. is a convex region 
in L. which includes the section C. as a pro)er sub-region; for the 

I I 
convex lill and Cartesian product of the sections, and t!he inter- 
mediate regions mentioned above, however, C1 = D 1, . . . Ck = Dk. 

Definition 3. 5. A reaxion C in L is of standard type in L 1 . .. I 

k I f for eacl j 1, ... , k, thie projection o f C tnirouCh L1 4 

j-1 + 1 . Lk onto L. coincides witlh the section of C in L 

For eachi x in E'n let x = x. + y., wthere x IEL 1, and y .E(L 1 3 ... 

L 1 e Li+ . .. @L k)T lhen evidentl y the .auae- function for the 

orojection 1). of C is n.(x.) inf p(x1, . . ., xk), tthe infimum 

beil n tak en. for fixed x over all y = x 1, xi * *j 4 1 . Xk 

suchi that (x. + y.)eC. 

TlheorL-n 3. 6. If C1 . Ck are convex regions respectLvely in 
L 1. L }Lk, each containing the origizn 0, then any region C whiclh 

has CJ, . . C (kr resoectLvely for its L 1 . L k sections, has a 

gau.ze -f'unction whiiLch coincides wit/I the gauge.-f'unct ions p 1(x1),. 
Pk(Xk) in L .. ., Lk; conversely, any gauge- f'unction which coincides 
with < x) in each. is the gauge-funct ion for a convex region 

having C1.. Ck as sections in 1 . Lk. In case C is of 

stancdard type in L1 . Lk, thle g auge-functon satisfies the i-n- 

equality o(x) < p(x) ? q(x), wvhere o(x) and q(x) are as defined above; 

conversely, any gauge-function which satisfies this inequality is 

the gauge-function for a convex region of standard type, which has 

C1 . Ck for its L1. Lk section s. 

Proof: Since a region C always contains tthe convex hlull of its 
sections C1, .. iCk it is obvlous that C is of standarcd type if 
and only if it is contained in tihe Cartesian product of its sections. 
The tlieorerri is evident fron this fact, and from Iflemark 2. 0. The 
followin2 proof is given as an illustration of the use of gauge- 
functions. 
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Fhe first statement, and converse statement, fol low from the de - 
finition of gauge-function and remarks above preceding the statement 
of the theorem. For the second statement, suppose that C is of 
standard tyipe. Tlhen n.(x) =inf P(x) = P.(xA),; therefore o(x) 
max Pj(x.) < p(x). By the triangle property of the gauge-function p(x), 

k 

P (xi, x **Xk) < j (x) q(x). 

(fhe part. p(x) ? q(x) of the inequality is satisfied whether C is of 
standard type or not.) For the converse, if x =x, o(x.) = q(x;) and 
o(x,)?< p(x;) < q(x.); therefore the Li section of C is C.,j 1, 
9.,k. Also n.(x.) inf p(x) o(x.) =.(x.), since pU?) 0, 

i / j, and p(x) < q(x), so the projection D. coincides with C., j 1, 
k, and C ={%xlp(x) ? 1} is of standar(1 type.. 

4. Rotationally Symmetric Regions. 

By suitable choice of basis {fc }, thje matrix H for any rotation 
of En may be put in block-diagonal form, withl blocks 

( cos ?f1 sin cos ?h sin 
, * * * , , 1 ~~~~~n-2h-' 

'-sin ~) cos -sinh cos h 

on thie d'iagonal, where In2h is the (n -2h) dimensional identity 
sub-matrix, all other elements of t? bein- zeros. (See [2].) The sub- 
space L 1 spannied by CX2h+ 1 O, cx n is left pointwise invariant by R; 
we say that H is a rotation of E about L. (In case n = 2h, no sub- 
idenitity matrix In2h is present in the block-diagonal form; subspace 
L is zero-dimensional, and consists of onl y the origin e.) Any 
orthogonal transformation T of En) which has h pairs of con jugate 
complex eigenvalues ? exp (iO. ), has a canonical form which is the 
same except that In2h is repfaced by In2hs' -Is, where s is tthe 
multiplicity of eigenvalue -1 of T. 
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For (n - 2h) ? 0, let V be any invol ution of an (n - h) dirnensional 
linear subspace En-h of 1<n) through an h dimensional subspace L2, and 
therefore irn an (n -2h) dimensional subspace l1?, of En-h? (In case 

2h, LC is zero-dimensional, and consists of only the origin 6K) 
Suppose that cx2h+ 1 , cx,n span L?, that ? t h span L2, and 
that 01, - * - h togetlher with tle preceding vectors span En ) Denote 
the coordinates of a point of ni witlh respect to this basis, by 

(x1, Yi, . , Xh' Yh' X2h+1' x' ), wlhere y *1, ' Yh are the 

coefficients of o1? .. . Oh' Let V1, ..., Vh denote tthe involutions 
of En h through the one-dimensional subspaces respectively spanned 
by cxi oh in the (n-h- 1) dimensional subspaces spanned by the 
remaining vectors of the basis a1, ..., ch I cc2h 1 cxn for E h. 

If k is any convex or starlike region in En h, which has involutory 
symmetry under V1 . Vh then a region C in E which is invariant 
under the rotations R, for all tY . in 0 ? 0 0 < 

?h is generated by rotating K about L?o That iS, if the column 
vector (xl, O, . .. , x, o O x2h+P . . , x ) is any point of K, then 

all points of the form 

(x1cos b1, -x1sin 5bj, ..., xhcos ?h' -xhsin ?h X2h+1, ... n) 

are points of C. Involutory symmetry under V., j 1, ..., h, is re- 
quired so that points of k corresponding to 1I = I , bk=?orT1, k/j 
agree with rotational symmetry under all rotations R. 

Similarly, a region which is invariant under the class of orthogonal 
transformations T corresponding to the h dinensional torus 0 < 41< T, 

0?? < h < 77, is obtained by rotating any region K in En-h which 
is invariant under the involutions (In h s I-Is) and V V about 
L1 (where s is the multiplicity of eigenvalue -1 of TL. 

In terms of gauge-functions, if for the region K the gauge-function 
in (n- h) coordinates is g(x1, * * , x h, x2h+1' ..., xn ), the re- 

quirement oh g is that g( ..-x....) g(...x.... ) for j=l, 7 .., A, 
and in case of T, also that g( * *-xn s .+ . *-xn) g( * *n - s +1 ** n) 
The gauge-function for C then is defined by 

(1 y1l '. xh' Yhl X2h+1 xn) g(r . rh, X2h+1, ... n 

where r. (x + y 2)i , for j 1, .., h . Conversel y, any region C 

which is invariant under the class of rotations R, or under the class 
of orthogonal transformations T, must be related to an (n -h) di- 
mensional region K with involutory symmetry, in the manner which has 
been described. This follows since the gauge-function P for C then 
determines a gauge-function g as above. 

A convex or starlike region of rotation may have additional sym- 
nmetry to the symmetry corresponding to invariance under all rotations 
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of thie canonical block-diagonal form with two-dimensional blocks. 
Al though any particular rotation may be put in the canonical form,if 
fixed basis vectors {c(, I3 } are retained, thiat canonical form does 
not represent the most general rotation about the (n-2h) dimensional 
subspace L1, The sections parallel to the (2h)-dimensional subspace 
L2, perpendicular to Ll, for a region C, may in particular be solid 
(2h)-dimensional spheres, or cylinders which are products of lower 
dimensional solid spheres. Let TTi denote the plane spanned by 
cx, 3 ., j = 1 , h. For invariance under all rotations of the 
canonical form, with {X., o .} fixed, all that is required is that 
the sections by the planes TT ..., 7Th be circles. In general C may 
be invariant under a class of rotations corresponding, to block- 
diagonal matrices, with rotational blocks of dimensions k1, ... 
kml k? > 2, j=1, 1., (m -1), and an identity or involutory di- 
agonal sub-matrix J of dimension km) with k1 + + km 

In terms of gauge-functions, if g(r1. *rm xn kr+1 x, ) 

is the gauge-function for any [m + (n -km + 1)] dimensional region 
K, such that g(. ..-r. .) g(.), j 1, .. ., (m1), and 

g(... J( Xn-k,m+1' * Xn) =g(**Xn-km +1,...Xn),tlh-n the gauge-function 
p for a region C invariant under the larger class of rotations is 
given by 

p(x1, ..., xn) = g(r1, ...*, rm1 Xnn-k +1' *.*' Xn), 
where 

r. = [(x.) + .. . + (X. )2] i 1, .. (mr-i)o 
I 10+1 jo+kj 

We have the following theorem concerning a region C which is in- 
variant under a sub-interval of rotations. 

Tlheorem 4. 1. If a region C in En is invariant under a set of or- 
thogonal transformations T (c), corresponding to al I in an interval 
O ? a ? 4 < b < 2mT, a < b, where the matrix for T(c,) is in the can- 

ornical form with one variable block (,n then C is 
-stn Sh cos ?) 

tinvariant under the set of orthogonal transformations T(i) for all 
$b in the interval 0 < 5 - 27T. 

Proof: Let C(f) denote the image of C under T(b)). Let A4 > 0 be 
any increment less than (b -a). Since by hypothesis C(M) = C(a) = 
C(a +?4), we have C(A) = C(a +AO) = C(a +22A) = C(O) = C(a + 34) = 

In this way, by suitable choice of.?i\q, any value in the in- 
terval 0 ? < 27T may be reached. From this the theorem follows. 
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5. Invariance Under Groups of Transformations. 

A region C wllcli is symmetric with respect to the origin 0 is 
invariant under the cyclic group of order 2, which consists of the 
two transformations I, -I. A region which has involutory symmetry 
througlh complementary subspaces, as in section 3, is invariant under 
involutions V1 . , Vk through l. Lk; theorem 3.3 follows from 
the fact that the product of the transformations Vl, ...e Vk is the 
negative identity. Similarly if C is invariant under any transformation 
T such that T' = -I for some integer m, or under any set of trans- 
formations whose product is -I, then C is symnrtric with respect to 0. 

Denote diagonal matrices, with elements d1, eadn on the diagonal, 
by [da, ..o, dn] . If the gauge-function p for a three -dimensional 
region C is invariant under the diagonal involutions U [-1, 1, 1], 
V [1, -1, 1] U W [-1, -1, 1], then C is invariant under the "Klein 
Fours Group", consisting of the transformations I, U, V, W, and is 
not necessarily symmetric with respect to 0 (invariant under -I). An 
equilateral triangle is invariant under a cycliC group of order 3. If 
C is invariant under a cyclic group G of order 4, then C is symmetric 
with respect to 0 if and only if G contains -I; this wi l l be the 
case if G consists of I and the powers of a transformation Z such 
that 72 = _Ie (For this necessarily all eigenvalues of Z are ?i; 
therefore, thte dimension must be even and every diagonal block in 

0 +1 
the canonical form must be A1 0 If C is invariant under a 

group G containing a transformnation W such that W3_ -I (like the 
cyclic group of order 6 consisting of the powers of a planar 600 

rotation), then C is symmetric with respect to 8. 
Theorem 4.1, together with Theorem 6.2 below, imolies that the 

group of symmetries of any bounded convex or starlike reaion C, is 
either a discrete group (possibly consisting of only the identity), or 
the product of a discrete grou1) and lower dinmensional full orthogonal 
groups. 

6. Invariance Under A Non-singular Linear Transformation 

If T is any non-singular linear transformation such that the real 
eigenvectors of T, and the real and imaginary components of the com- 
,Jex eigenvectors, together span the real linear space En I then as 
shown in [2], T hlas a diagonal block form [t14Al,.. ,thAh,t2h+l,.. I,tn] 

where ?t. exp ( t > 0, j 1. h, t 1 

'cos t. sin t 
(n.-2h) are thie eigenvalues of T, and r=). If C 

<-sin t cos t 
is a convex or starlike region, with gauge-function p(x), then if 
C is invariant under T, we must have p(Tmx) = p(x) for all integers 
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m. Thie matrix for Tm is [tm Am, .. t la Am, t2h+1, tn], where 

A Cos/ 1). -sl In.: 
in case m is negative, A-A(-b.) 1 1 I, For co- 

} ] *\sin 73j cos ij 
ordinate x2h4.1 of x, by positive homogeneity we must have, in cases 

t2h+l > 0 all ml or t2h+1 < 0, m even, 

, ...0, x2h+ll O, ...O) = t2h+lI(O, .0?. X2h-1' ?' * ), 

aticl Li case t2h+1 < O, m odd, 

[)(? *.0, x 2h+1' of ..0) = It2h1I p(O, ...0 -x 2h+1 ...0). 

If It2h 1I / 1, this implies p(O, O x2h+10 ...O) =0 or 

so either C contains the ray {cx2h+l}* c > 0 (C contains the entire 

line if t 2h+1 0), or 6 is a boundary point of C for the direction 

2h+1 (for the directions 2h+l if t2h+l < 0). For a bounded region 
C with 0 interior to C, we must have It2h1I 1 T he same discussion 
applies to any coordinate x2h+i . 1, e , (n-2h). 

For coordinates x1, Y1 of x = (x1, y1 e.. Y XI Yhe X2h +1 Xn) 
by invariance and positive homogeneity we must have p(x1, Y, 0?, . . .0) 

=t 1P [x1cos(mf5) - yMs nInb.), x sin(m0p.) + y1cos(mn4), 0, .. .0], 

and therefore if t 1 i 1, since by Theorem 2.2 p is bounded and 
bounded from zero on the Fuclidean unit sphere, we have P(x1,y1,0,...0) 

= 0 or co, for all x1,yl, not both zero. Therefore either C contains 

the entire plane 7i1 spanned by cxl,1l, or 0 is in the botundary of 
C, and T1 is exterior to or partly contains the boundary of C. 

If T is an arbitrary non-singular linear transformation, then as 

shown in [2], T has a diagonal block form [t1l, ..., th4h th4 Bh+1, 

tk 3k] where +t. exp (iqt ), t, > 0, j 1, ..., h, th+, . ,t 

are the distinct eigenvalues of T. Each block A. has blocks 

/ cos sin 
on its diagonal, all elements below the diagonal 

-sin b. cos ;. 

blocks being zeros. Each block Bh+i is superdiagonal, with all l's on 
the diagonal. If C is invariant under T, it is also invariant under 
T',' and the eigenvalues of T-' are reciprocals of the eiaenvalues of 
T. Therefore in the discussion of any particular eigenvalue, we may 
suppose that t > I or Ith+ii > 1, if they are not equal to 1. In case 
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say al, (3, ., %3, (3', 0... span the eigensubspace of a single pair 
of conjugate complex eigenvalues ?t exp (fiq), we have 

o(O? 0 x3, y3, 0, .. .0) t0 p[X1(m)/t1 yW(m)/t1, ..., xcos(mcbl) 

-.ysin(mb1,), xlsin(mqpl) + ylcos(m$l), 0, ..0], 

and since if C is bounded, with 0 interior to C, the function p is 
botinded from zero on the Euclidean unit sphere, the expression P[ I 
on the right is bounded from zero, and tm p[ ] approaches infinity 
as increases. But p(m) on the left is fixed, so we have a contra- 
diction, and if t1 > 1, either C must contain the entire eigensubspace 
of +tl exp (in) (in case p= 0), or the eigensubspace must be ex- 
terior to the interior of C (in case p =cO), Similarly for the real 
eigenvalues, if C is bounded, with 0 interior to C, we mus.t have 
|th+.I= 1, We have now established the following theorem. 

Theorem 6. 1. If a starlike or convex region C, with 0 interior 
to C, is invariant under a linear transformat ion T, then tie eigen- 
values of T are all of modulus 1, 

Following is a further theorem on the nature of a linear trans- 
formation T under which aconvex or starlike region C may be invariant. 

Theorem 6.2. If a starlike or corvex region C, withO interior to 
C, is invariant wnder a linear transformation T, then T must be such 
that the etigenvectors of T span En . By Theorem 6.1. thi's imp lies 
that for any T mder which a C can possibly be invariant, there always 
exists a chzoice of basis for En with1 respect to whichi T appears as 
an orthogonal transformat ion. 

Proof: Consider the powers (Bh+1 )m of a block in the canonical 
h+1~ ~ ~ h+ form for To If 13h+1 is of dimension s, it may be easily verified 

that the elements respectively in row 1, column 2, and in row (s _1), 

column s of (Bhl )m are mb 12,mb bs-i, s where b 12' b s are the 

corresponding elements of Bh+1. B y a similar argument to those used 

to prove Teorem 6.1, it follows from invariance under T', and from 
boundedness and boundedness from zero of p, that b,2 = bS 1 .= 0. 
Likewise the other elements of Bh+ 1 above the diagonal must be zeros, 

and the elements above the diagonal blocks in Al must be zeros. The 

sarne discussion applies to the other blocks A., Bh+1; therefore the 

basis vectors corresponding to the real eigenvalues are all eigen- 

vectors, and the basis vectors {cx,, Oi} corresponding to thie complex 

eigenvalues are all components of complex eigenvectors, which is the 

theorem. 
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Finally, we have the following theorem relating transformation by 
a non-involutory orthogonal transformation, and transformation by 
an involution. 

Therem 6.3. For any region C, if T is any orthogonal transformation 
which is not an involution, then there exists an isomer J(C) of C, 
such that TC equals UJ(C), where U is an involution. 

Proof: Let involution J be the involution having matrix [1, -1, 
1, -1, 1, ..., 1], where there is one pair (1,-1) corresponding 

/cos t. sin t. 
to each block ( i in the canonical matrix for T. 

i -s in fj cos fj 2 
Thien U = TJ is the required involution, since J = I, and since the 
product of the rotational block by the column matrix (1,-1) is the 

/ cos -b. -sin . 
block. fXm t1e fa ia l, which is involutory. Tllis may be seen 

\-s in f)j -cos f 

also from thie fact tlat J has the property J-'TJ = JTJ or 
TJ = JT-1: U2 = TJJT'1 I. For the same J and U, we have also 
TJ(C) = U(C). Likewise V JT = T-1J is an involution, since V2 = 
J77-'1J =I, so we have JT(C) = V(C). (Tlhe isomer of the transform of 
C by T is the same as an involutory transform of C.) 

7. Composite Regions 

The process, described in section 4, of generating an n dimen- 
sional region by rotation of an ( h+ ) -dimensional region, in subspaces 
of dimensions hi, ...?, lst h + h1 + v. + h5 = n, may be generalized 
as indicated in the following definition. 

L efinition 7. 1. An n dimensionail region C is composite if its 
gauge-function r may be expressed in terms of lower dimensional 
gauge-functions, as follows: 

p(X1)0O0 xn) p (q, 1 ??. I qSt Xn-h+lp ... xn 

where 

ql = qi(xl, ?? xhls?? qs = q s(X n-h+l-h' ?? ' n-h+1-1)' 

are gauge-functions of respective dimensions h1, i .., h5 
In the special case of rotationally symmetric regions, the gauge- 

functions q1, .., qs are gauge-functions of spheres, with origin C 
at the centers of the spheres. 

iDefinitioni 7.2. An n dimensional region C is step-composite if, 
for some partition of the hi -, ...v h -dimensional solid spheres into 
h1 -, . . h5 -dimensional "solid angular" portions, the gauge-function 
of C may be represented in the above form in each of the portions, 
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different gauge- functions q1, t .., qs being allowed in the several 
portions. A region C is partially composite if its gauge-function may 
be represented in the above form in one or several "solid angular" 
portions, not comprising all of the set of h l-, ..., h -dimensional 
solid spheres. 

Following are examples of the above types of regions: 
Examples 7.3. Let q(x1,x2) be the gauge-function for any two- 

dimensional convex region having the origin 0 in its interior, and 
let P(z,x3 ) be the two-dimensional gauge- function max ( I z I I Z3 | ) - 
Then p(x1,x2 x) p p[q(x1,x2), x3] is the gauge-ftunction for a com- 
posite three-dimensional re:,ion. The region is a cylinder with sections 
parallel to the (x1,x2)-plane congruent to the region q(x1,x2) < 1. 
If p(x,x3) is Izj + jx3j instead of max (|z|, x3 1), the composite 
three-dimensional region is the convex hull of the set q(x 1,x2) < 1 
and the points (0,0,1), (0,0,-i). In this case the sections parallel 
to the (x1,x2)-plane are similar to the region q(x1,x 2) ? 1. 

Examples 7.4. In E, thepoints P1 1 ,0,-2i/4), P2 (=4,3I/2,-2 /4), 

p3 = -2,-3/2,-2/4),P = (0,0,3.2i/4) are vertices of a regular 
tetrahedron of edgre 3i. Let g1(x), g2(x), g3(x), g9(x) be respectively 
the gauge -functions for spheres of radius 3' witti centers at P1, P2s 

'3 >O Then r(x) = max[gl(x), g2(x), g3(x), g9(x)] is a convex 
function; the region D ={xr(x) < 1} is the common portion of the 
four spheres, and clearly is step-composite. For an example of a 
partially composite region, we may take the convex hull of the inter- 
section of D with the half-space x3 ? 0, and the point (0,01)O. 
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THF COEFFICI ENTS OF sinh x/sin x 
By L. Carlitz 

Put 
ao 

(1) x/sin x E (-l)MD2 x2m /(2m)! 

where 

(2) D2m 2(1 - 22m-1 )B2m; 

thie notation is that of Norlund [3, Ch. 2] 

By the Statudt-Clausen theorem for the Bernoulli numbers 

(3) B2m G2 - - a i /v (m > 1) 
p-11 2m 

whiere G is an inteaer and the summation is extended over odd primes 
P such that P - 112m. 11stng (2) and (3), we get 

(4) D2 = h2 n - lb/ (m ?) 
p -1 2m 

~here again fl2m is an integer and tthe summation is over odd primes P. 
If we now write 

co ~~2m sinti x x 
(X 5) = 2m (2 )! 

m= O 

then It follows from (] ) that 
m 

(2)2m +1 = ( ) ( +2sm ) 

In particular 13 2/3, 134= 4/3) I-6 148/21, 1 17744/9/ 

Incidentally (5) implies 
co ~~~2m sin x x 

sinh x m- O 1)(,2m (2 m m 

so thiat 

E (-A) (2 s)32s2m/ 2s = 0 (m > 1). 
S =0 

193 
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Also usina the well known formula 

B 2in k+1 Z(-1) k)2m 
km=O s- 

a little manipulation leads to the explicit formula 

(2m + 1)b 2m = k (-)i (- )s (2 -22s)i2s 

= = k +1 j _= (){l S2n+ (l -is) 
2m kk 

_ 1/ (1 + 2is) 22_l (1 - 2is)2m+l} 2 

It is natural to ask whether a result like (4) tiolds for 12m; 
as we sthal l see this is not the case. 
Let 

(8) prI2m + 1, pr+1 I 2m + 1, 

It is familiar that if pk s, r - 1 I 2s then 

(04) B2= 0 (mod pk); 

hence D2S also satisfies this congruence. A term in the righlt member 

of (6) 

(2m +l)D m 1 (2S2 D 

( 9S )2 2- ( 
- D2 

witl P - 1 +2s, is therefore divisible by pr, Thus (6) reduces to 

(10) (2m2m + 11 
(10) (2mn + 1)/32m --l + 

(2m 1) 

D2s 

-1 + (_l)S (2m 1)( D2 +ii1/P - 1 

s= 1 

p-lt1 2s 

- (-1)( + 1) (iP - 1 (mod 1r) 
S =1 

p-l j2s 
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1956) TIlE COEFFICIENTS OF sinh x/sin x 195 

Analogous to (9) we have also [1, Th..3] 

(11) B + 14 - 1 0 (mod pk) (p(p 1)12s). 

tising (2) we get 

(12) B2s + I/p - 1 0 (mod pk) (pk(p _ 1)12s). 

lhence exactly as above 

( 2 )(2s + 1/v - I) 0 (mod pr) 

for p - 1 12s, s ? 1 Consequently (10) becomes 

(13) (2m + 1)b2 - 1 - (1)s( ) (i/p - Mod pr) 

S =1 

0 -112s 

We now consider separately the cases p 1, p - 3(mod 4). In 
the first case it is evident that s is even so that (13) may be written 

(14) S /2 ,n +i I 
(2m + 1)/2m - 1 - j (l/p - 1) (mod pr). 2m 

<S (p _1 ) <2m .,.1 S(- 

B-it it has been proved [1] tnat If pr,|n then 

(15) o + (p - 1) s(P 1) 0 (mod pr+1)* 
O<s (p -i)<n 

Clearly (14) and (15) imply 

(16) (2m + 14)32 - 0 (mod pr), 

in other words i32m is integral (mod n'), 
On the other hand for P =- 3(mod 4), we have 

(17) (2m + 1)/32mn 1 -S(P-1) (1/p -'I (mod Pr 
O<s(p- 2m ( 2mp+l1) ( /) 

For example whien 2m + 1 = p, (17) becomes 

(18) p/S1 = 2 (mod n); 

indeed for 2m + 1 = pr we find that 
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(19) yr/S r -1 r 2 (mod P )P 
p r 

so that tlie denominator of /3 r is divisible by exactly or, 
p 

According to (17), thie highest power of p dividing the denominator 

of /32m does not exceed pr+ K We slial 1 now show that this case does 
indeed occuir. Clearly the sum 

P-1 
E (-l),(r) - ~ E (I + s)m+l (mod ), 

O<j (p-1)<2nL+1 \P(p-l) s=O 

as is easily verified by exanding tthe right member and summing over s. 
Now let 

(21) 2m + 1 u + vp(mod<2-1) (0 < u < p -1 0 < v <p - 1)o 

2 
Since (1 + 's)P 1 - is, (1 + 's)P - i(mod P), the right member 
of (20) becomes p 
(22) - (1 is)U(i -IS)v 

s =0 

whicth on expansion yiells 

j~~~~~~ (23) u )(P-l 

provided ui + v > n - 1, otherwise the sum (22) 0 (mod n). 

Now if w - 1 - v 

{ p - 1 - w h (P - 1 - w)w! --_-l)_+k j 

\p - 1 - j/ (p - I1 - j) !(j - w)! w!(j - w) 

so that (23) 

- - (i)W Z() (0 - ()w(U) u W) 
1 1 

/-Wu\ u!v ! 
- _ (_1)w()22u - ( -w 2u+v (mod n). 

wr (u +v -ma +1) 

This result can also be obtained by means of ( 7) . 
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To summarize we state the following: 

Theorem. The denominator of 13m contains only primes p 3(mod 4). 

Le t nr l 2m + 1, nr + 11 (2m + 1 ) and def ine u, v by means of (21). 

Then 2m satisfies (17). If u + v> p then the denominator of ,5 
Ls divisible by exactly pr+1 and inrdeed 

pr+1 _ _ UV.v 2U+v (mod p), 
2 m u + v -p +1) 

If u + v < p the denominator of 82 is divisible by pr at nost. 

The above results do not indicate when the denominator is exactly 
divisible by pk, where 0 < k <- r, although (19) gives some information 
for k = r. 

It may also be remarked that results similar to thie above hold for 
the coefficients in the power series ex,pansions of 

(eWX 1) 

(ex _ 1) 
where w is a primitive n-th root of unity. 
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MISCELLANEOUS NOTES 
Edi ted by 

liarles K. Robbins 
Articles intended for this Department should be sent to Charles K. lbbbins 

Department of Mathematics Purdue University, Lafayette, Indiana. 

FAREWELL TO 1955 
(popul ar) 

J. -M. Gan dhi 

The vear has just gone. A mathematician has bid aood-bye to it as 
follows. 

Mathematician -X.-"!ello! 1955. We are sorry to see yol go, we are 
however verv Alad tniat you nave aiven us many remarkable theories and 
inventions - e.' . some of these are: 

1955 = I' + 25 + 35 + 45 + x + x 
4 4 4 4 

+ 1 + 2 + 3 + 4 + x + x 

1 23 
3 

3 43 53 
2 2 2 2 2 

+1 +2 +3 +4 + 5 +x 

+ 1 + 2 + 3 + 4 + 5 + 5. 

1955 55 _54 - 53 -52_ 51 

4 4 - 43 - 42 - 4 - 40 
- 33 - 32 - 31 - 30 x 

- 22 2' - 20 - x - x 

- 10 - x - x - x. 

1955 = lx 45 + (1 +2)x35 + (1 +2 +3)x25 

+(1 +2 +3 +4)x15. 

1955 = 37 - 35 + 33 - 31 - 24+ 22 - 20. 

1955 = + 122 + 132 + 142 + 152 + 162 + 172 

+ 182 + 192 - 32 

198 
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lagic Square of the Year 1955 

1 9 5 5 

9 1 5 5 
1 9 5 5 Sum from any side is eaual to 20. 

9 1 5 5 

i.e. sum= 6 28 Ist perfect number + 2nd perfect number 
1 2 2 

SDme more properties: 

1955 103 + 83+ 63+ 43+ 23 

+ 82 + 62+ 42+ 22+ 02 

+101 + 81+ 61+ 41+ 21 

+ 8 + 6?+ 4?+ 2?+ 0? (if 0 1). 

1955 9 -10 + 11 - 12 + 13 + 103 - 113 

+ 123 - 133 + 143. 

So friends -ood-bve. I have paid a very humble contribution to tne 
progress of Matnematics and to the progress of science and peace in 
tlie world. Let us iooe mv successor will be still more wonderful." 

WELCOYIE TO 1956' 
I t is left for the reader of this note to give a suitaole welcome to 
thie vear 1956. 

Linaraj Coll eae Belaaum, South India. 

This content downloaded from 202.28.191.34 on Sat, 13 Feb 2016 12:24:54 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


A GENERALIZATION OF THE S-STIRLING NUMBERS 
Jerome Hines 

Introduction: the purpose of this paper is to develope a general 
formula for the S-Stirling numbers by the use of poly-gama functions. 
Since the poly-gamma functions have meaning also for non-integer 
values, we can take the resulting expression for the S-Stirling 
numbers as their definition. Then we will have defined a Stirling 
function which is a generalization of the Stirling numbers and 
will include them as a special case. 

1. The T-Stirling numbers can be found by the formula 

1.l ~ ~ ~~n 7(n-1+1)pr(+n n+1TP~ 1.1 = 
j~~~~0 

( 
Fi(n-i+l)P4n' 

and have the recursion formula 

1.2 n+1Tp (n+l) n+1Tp 1 + p 

The S-Stirling numbers have the recursion formula 

n S (n+l) nS + S 
1.3 n3= p -i np 

=I0, n < p 

and can be g,enerated as follows: 

1.4 (l+x)(1+2x) .... (l+nx) = nSo + nS1x +A + ns3x 

The following, is a table of some of the simpler S-Stirling 
numbers: 

S 0 1 2 3 4 5 6 7 n 
.n p 

0 1 1 1 1 1 1 1 1 

1 0 1 3 6 10 15 21 28 

2 0 0 2 11 35 85 175 322 
3 0 0 0 6 50 225 735 1960 
4 0 0 0 0 24 274 1624 6769 

5 0 0 0 0 0 120 1784 11352 

p 

200 
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In the following section a general formula for S will be 
developed. 

2. From the recursion formula, 1.3, 

nsn n isn + n n 
But 

S = 0 n -1 n 
whence 

S =n ni S~' n n n n- 1 n ,1 
Continuing: 

S = n(n-l) 2S 2 n sn = (- n -2 n -2 
Further: 

nSn = (n+l) OSO 

B3ut 

0So = 1 

whence 

2.1 nSn = F(n+l) 

Similarly 

n sn.1 n nisn-1 + n n-isn 2 

(n) + n [n- 2sn ,2 + (n-i) n- 2sn-3] 

= P(n) + nP(n-1) + n(n-1) r (n-2) + .. 

+ F (n+l) 1SO 

Then 

2.2 S F (n+1) [ + + * + + 1 + n n-1 
n-11 2 

Let us define kr) (n+l) by 

2.3 I(r)(n+l) = 1 D r F (n+l) 
FV(n +1) n 

= 1 f0:0 e x n (lg-x)r dx 
V-(n+ 1) 

= F(n+l) [-e=x x (Lgx)r]xO 

+ 'f cc e- nx ln1(lg-x)r + rxn-l(lg-x)r-1] dx 
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For r positive and finite the first term of this expression is 
zero. Then 

VX(r) (n+1) = _n _ oo e-x xn'l(lg.x)r dx 

nFV(n) 
+ - r f0oOD e-x xn 1(lg x) r- 1 dx 

nF(n) 

2 4 /(r)(n+ln)= + r 
(r-)(n) 

whence 

/(r)(n+l) = t(r)(nl1) + y Y J(r-1)(nfl) 

n- Yr.ln-I 
+ ~r 4)L( r.1ijn) 

Continuing this process: 

2.5 (r)(nfl1) +(r)(1) + r i /(r- i)(j) 
r) ~~~~~~j=1 

Note that ~P( 1)(n+l) is the ordinary digamma fuinction in which 
tP(1)(1) =-C, Euler's constant. If we define the i-functions by 

2.6 s(r)((n+l) = J(n+l) (r)(') 

then in the case of r = 1, 

6( )(n+1) = I(,)(n+l) + C 

2 7 ~ (1)(n+l) = 1 + 1 + 1 + + 
2 3 n 

and 

2.8 4(r)(n+1) = r 
ij1 

Let us now put equation 2.2 in the form 

s-1 = (n+l) C( )(n+l) 

Continuing the process used in developing 2.2, 
n__ __ __ n_ _ 1_ e(j)(nl2) 

S2 F(n+l) [ + + + .iI 
= F(n+l) e2(n+l) 
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Generally: 

s F(n+1) [e(r.1)(n) + 4!r- )(n-1) 

or 
[V(n+ 1) 

2.9 nSn - r r ! (r(n+l) 

and 

2 . 10 ns A:) ( P ),(n+l.) 2.10 ~~~~~ P V(n-pl) ': (rin 

3. The following are two examples of actual calculation of 
S-Stirling numbers by 2.9: 

a). Determine 4S3 using 

S1 [(n+l) ;(1)(n+ 1) 

4S3 =4! (1 + 21 + - + ) 
(1 2 3 4 

= 24 + 12 + 8 + 6 

= 50 

b). Determine 4S2 using 

nSn -2 2(!1) ;(2)(n+l): 

S = 4! x 2! [t:2+ 9(!)(3) + i)(4) 

=4! + + 
. 2 3 4 

= 12 + 8 + 4 + 6 + 3 + 2 

= 35 

4. The main value of the expression 

4.1 n Sp= - Cl) 5) ( n-p) (n+1) 

is that it relates the S-Stirling numbers to the polygamma functions 
and also givesa method by which we can define a continuous S-Stirling 
function for n and p not integers through the definitions of the 
polygamma functions; i.e. 4.1 can be taken as the definition of 
the S-Stirling function of two variables, n and p. 
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 CURRENT PAPERS AND BOOKS

 Edited bv

 H.V. Craig

 This department will present comments on papers previously published
 in the MATHEMATICS MAGAZINE, lists of new books, and book reviews.

 In order that errors may be corrected, results extended, and in -
 teresting aspects further illuminated, comments on published papers in
 all departments are invited.

 Communications intended for this dep artment should be sent in
 duplicate to H. V. Craig, r)epartment of Applied Mathematics, University
 of Texas. Austin 12, Texas.

 Comment on H.W. Beckere s "Comment on L. Caners'

 "'Pythagorean Princinle and Calculus' *

 According to H.W. Becker "the Petitio Principii" is that in taking

 d1 (uz-2) = 0, the autaior has assumed uz-2 constant, in advance of
 provingc it. In the present Daper I am going to orove it in detail.

 .:1IIIIIz s in a

 :c os 8

 Consider the right angled trianale with 0 and z variables.

 Let z2 cos d + z2 sin d = u (1)

 Then cos2 d + sin2 = uz-2

 Differentiating both sides with respect to 0 we get.

 d d -
 2 cos 0 - (cos 0) + 2 sin 0 - (sin 0) = d (uz2) (2)

 dO dO

 "rThe Petitio Orincipii" is that Leonard Caners lhas assumed

 d
 dd (cos 0) = -sin 0

 d I3
 - (sin 0) = cos 0

 in advance of oroving these results without the use of the Phythaaorean
 Principle.

 Now from the definition of differentiation, we have

 * MAAThEMATICS MAGAZINE, Vol. 28 ( 19 55) p. 276 and Vo l. 29p. 40.
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This content downloaded from 159.178.22.27 on Sun, 12 Jun 2016 07:03:00 UTC
All use subject to http://about.jstor.org/terms



 1956) CURRENT PAPERS AND BOO[(S 325

 d s r sin(O + h) - sin e
 dO h 4

 If

 A+B A-B
 sin A - sin B 2 cos 2 sin (5)

 and
 sin h/2

 A-. h/2 (0
 From (4) we have

 - (sin 0) = cos 0
 dO

 The remaining Problem is to prove (5) without using the Pvthaoorean
 Principl e.

 Since Trigonometry is based on right angled trianales} at first we
 may think that (5) can not be derived without using the Pvthaqorean
 Principle.

 But if we see the oroof of (5) in any elementary book on triaonometry
 it wil l be evident that no oythaExorean orinciple is used in derivinfr
 it. Only the definitions of sin 0 and cos 0 are used.

 Exactly similar discussions are needed in proving

 d
 _(cos 0) = -sin 0

 We now use dO

 4 + B B - A
 cos A - cos B = 2 sin sin 2

 22

 This can also be oroved witnout use of the Pythagorean Princiole.
 N\akina these substitutions in (3) we have

 - 2 cos 0 sin 0 + 2 cos 6 sin 0 = De(uz-2)

 0 = D(uz-2)

 UZ'2 = Cons.

 J. \1. Gandhi - Belcaum, India.

 Comment On Pedro Pizo' a "On The Case n = 3 of. Fermat' s
 Last Theorem"

 In zlancina throuan the Januarv-Februarv issue of 1955, I stooped
 to read "On the Case n = 3 of Fermat' s Last Theorem" by Pedro A. Piza.
 although it is rather 1 ate to make comments on it, I must say that
 I fail to follow the reasonina. In fact. I believe that Mr. Piza has
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made an error. He begins by showing that the cube of a number of the 
form a2 + 3b2 is of the same form. This is all right. However, when 
he attemots to use this fact in nis oroof he says, "If p2 + 3q2is 
a cube it is a cube of an integer of tihe same type..." In otlher 
words, lhe uses the converse of the lemma rather thian the lemma itself. 
B3ut he does not orove the converse, as far as I can see. If I am 
mistaken, I should like to be informed ofmmy error. 

Peter Yff 

Carl Krtedrzch Gauss: Titan of Science. Bv Pr. G. Waldo Funnington, 
Exoosition Press, New York, Pecember 1955. Illustrated - $6.00. 

Dr. G. Waldo Dunnington, a member of the faculty of Northwestern 
State College. is hlle autlhod of a new biography of Friedrich Gauss. 

On February 23, 1855, Carl Priedriclh Gauss, one of the tthree greatest 
mathematical geniuses of all time, died in G6ttinfen, Germany, whiere 
he had been director of the Observatory of the University most of 
his life. The centennial year 1955, wniich brought several memorial 
celebrations at G;ittingen and elsewhiere in Germany, is now climaxed 
by the publication of the first full-scale bio;zraphy of Gauss, written 
bv the foremost American Gauss scholar, a oarticioant in tnie various 
observances in FuroDe. 

flarold Weiss 

Comment ori Nlr. Diamond' s "Irrational Numbers" 

In his article 'lrrational Numbers" (Mathematics Magazine Vol.29 

No.2, page 89) '4r. Diamond mentions on Page 97 Felix Klein's deriva- 
tion of the word "irrational:' I would like to comment on it, because 
ohilosonhy of Mathiematics is involved in this derivation. FurthermTore 
the Question arises wlhetlher the word irrational is a misnomer in 
our own language. 

It is correct that the Latin word "irrationalis" is the transla- 
tion of the Greek word "alogos."1 But this word means someting very 
much deeper than "inexoressible." According to ancient legends thie 
exoression "alogos nomos" for "Irrational numbers" was introduced 
by Pvtla!oras who nad found that the diagonal of a square is incom- 
mensurable to its side. The concept of inconrnensurability in the realm 
of geometry is eauivalent to the concept of irrationality in the 
real m of algebra. Pythagoras visualized numbers in the form of geo - 
metrical Datterns. 

lHere he faced an astonishing fact. Nothing seemed simpler than 
to draw a diagonal in a square with the side of the unit length. The 
points to be connected seemed well defined. Rut thie lenth of the 
diazonal defied any clear cut measurement in re5gard to unity. 
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The human mind could not - according to Pythagoras' Philosoohv of 
numbers - conceive tile new unit "square root of 2. " Only what the 
liuman mind could conceive was in the domain of iMan, was part of the 
logos. Logos is the highest expression of the abilitv of constructive 
thinking. The derivation "logical" in our language exoresses its 
meaning better than any definition. So. St. John explains the origin of 
all thingfls by writing: "In the beginning was the logos." When we find 
in the Bible the translation: "In the beginninC was the Word," we 
should not forget that "Word" in this connection means the exoression 
of God by whiclh He may communicate with iMan. It means revelation to 
the mind, not spoken symbols of thought by human beings. 

So "alogos, " the contradiction to logos, does not mean "inex - 
Dressible" but "inaccessible to the reasoning mind". Since it belonged 
to the domain of the Gods. Pythaagoras forbade thie students and dis- 
cilles of his school to talk about irrational numbe'rs in Dublic. 

Many centuries later Euclid "dethroned" irrational numbers from 
their lofty height. From then on they belonged to the domain of Man. 
But it was too late to chantZe the word alogos. It became a verv 
"loaical" mat'hematical exoression and then and there a misnomer in 
thi s field. 

But Language itsel f was not affected. The Latin translation of 
loaos is "ratio." From this word our 1anguage inherited "reason" and 
formed "rational" and "irrational." meaning defined or not defined 
by reason. 

Also the Latin word "ratio" was "liberated" from its Latin origin, 
meaning, and Dronounciation and became the EFnglish household word as 
used in Mathematics. From this word "ratio" the adiectives "rational" 
and "irrational" are derived. 

These words, as 0sychological and mathematical exoressions, are 
simplv cousins witlh the common ancestor, the Latin word "ratio. " A 
misnomer happened almost 2000 years aao; Todav "rational and "ir- 
rational" are ex.ressions for different concept s in two different 
fields of science. 

Finally, to complnete the oicture, we have a similar development 
of two other words in more recent times. Imaginary numbers once were 
not considered numbers. So we have to this day the distinction be- 
tween real and ima_inarv numbers, knowing that imaainarv numbers 
are not "imaginarv" at all, but as "real " as real numbers belongina 
to one comolete number system. 

Fred G. Flston 

Elementary Topology. 93v Dick Wick Hlall and Guilford L. Spencer II. 
John Wiley & Sons, New York. 303 Po. $7.00 

An introduction to general Point-set topoloay. the new text in- 
cludes a variety of topics Previously slilgted or overlooked. Hlall 
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and Spencer accord full coverage to the Jordan Curve Theorem and 
Drovide considerable material on metric spaces and non-metric or 
general snaces. In addition, tiley include a characterization of thie 
sphere, which- intrinsically contains a characterization of the plane. 

At the outset, the authors put the student to grios with infinite. 
countable and uncountable sets, and the real number system, rather 
than taking these topics for granted. Similarly, the Axiom of Choice 
is treated in detail and an introduction provlded to Bing's results 
in the theory of Partionable Spaces. 

(?hapter headings include: introductory set theory, the real line, 
tooo1ogIcal soaces. metric spaces, arcs ancd curves, partionable 
spaces, and the axiom of choice. Over 400 oroblems are graded from 
elementary to those suitable for short term papers. 

Rlichard Cook 

AN ERROR CORRECTED 

A tyoogramhical error was made in A Grass Root Oriain of a Certain 
Mathemati cal. Concept,' Jan. Feb. 1956, page 132, second paragraph 
fourth line. It shoulcd read: 

sur faces run 3/2, (32) 2, (3/2)3 . . . of the original surface.@ Thus.... 
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TEACHING OF MATHEN,ATICS 
Edi ted by 

Joseph Seidlin and C. N. Shuster 

This department is devoted to the teaching of mathematics. Thus articles on 
methodology, exposition, cvrriculum, tests and measurements, and any other 
topic related to teaching, are invited. Papers on any subject in which you, as 
a teacher, are interested, or questions which you would lite others co discuss, 
should be sent to Joseph Seidlin, Alfred University, Aflred, New York. 

NEW MEANINGS FOR OLD SYMBOLS 
(ropul ar) 

Louis E. Diamond 

In our earlv school davs matthematics simply means tlhe manipulation 
of number symbols in arithmetic, and the manipulation of points lines, 
and shapes in geometry. At tihat time we do not relate these two sub - 
iects to each otlher except in so far as our teachlers classify them as 
subjects under tile vavue heading "Miathematics? We are so accustomed 
to consicder tIie symL,ols 1, 2, 3 .. .and so on as numbers that we are 
aot to forget or perhaps we never realized, that these symbols need 
not necessarily represent numbers, nor need the symnbols + and x neces- 
sarily denote the ordinary aritthmetical operations of a(ldition and 
mul tipl 1 cation. 

As a simple example, whlen we write 2 +3 =5, we are so accustomed 
to thie operations of aritilmetic that we entirely for,-et tthat 2 3, and 
S are merely symbols invented by man, and that + indicates a binary 
ooeration t1hat is, an o )eration bvy whlichi two of tihe symbols are com- 
bined accordirng- to certain rules. We also for.ret that the symbol = is 
only a svmhol of relation between the symbols on tthe right hand side 
and tlhe symbols on -Che left lhand side. In our mind we feel that thiere 
is somethins-. abouit this statement that 2 +3 =5 which is so fundamental 
that even questioning it is absurd. It is a statement t hat is true and 
that is thiat.. Tle abstract symbols ihave bjecome concrete objects per se 
and represent to us t'ie only possible kind of addition. We clo not oues- 
tion thie meaning of the symbols used. They are sacrosa;ict. 

Now the fact is that thlese sym:ols may. also represent operations 
of various kinds. The symbols + and x may likewise stand for operations 
entirely different from those we are accustomed to in aritnmetic. In 
this article we shall give simole examples. 

209 
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Number Symbols For Onerat ions 

Let I be "tne operation of flippin7 an electric li-ht switch in 
our home. " Let 0 be "the operation of not flipping an electric light 
switclh in our home." Let + stand for the words "followed by." Let= 
stand for "is equivalent to." Then' 1 +1 =0. Operation 1\followedbv 
operation 1 is equivalent to ooeration 0. You may object tuat this is 
quite trivial and farfetched but you cannot assail its loric. 

A small obJect is located in a fixed oosition L) in the plane. 

C D 

Iet 0 'e the operation of no rotation about C. 
Let 1 be the operation of a counterclockwise rotation about C 

through 900. 
Let 2 be thie o.)eration of a counterclockwise rotation about C 

of 180 0. 
Let 3 be the o:)eration of a counterclockwise rotation about C 

of 2700. 
Let + be "followed bv" 
Let = be "is equivalent to." 

1+2=3. Operationl followed bv operation2 is ecinivalent to operation3. 

3 + 3 = 2, Operation 3 followed by operation 3 is equivalent to operation 2. 
3+1=0. Operation 3 followed ovoperation 1 is ecquivalent to no rotation 

about C. 

The "addition" table below summarizes all oDerations. 
+ 1 2 3 0 

1 2 3 0 1 
2 3 0 1 2 

3 0 1 2 3 

0 1 2 3 0 

To find the "sum" of 1 and 2. locate in the "addition" table the 
row headed 1 at the left side. G>o across this row to the ri.ht until 
the column is reached whici is hDeaded 2 at the top. There the number 
3 is found and tnis is the sum of 1 and 2. 

Tniis verv same table also reoresents the addition table in modular 
aritimetic. modulo 4. (The subject of congruences is verv imoortant 
in number theorv.) There we agree to add in the usual arithmetic 
manner the numbers 1, 2)3, and 0, with thie sole exce )tion that everv 
time thie sum in aritlhmetic exceeds 3 we start again Withi 0,1,2, and 3. 
For example, 3+1=0. 3 +2=1 etc. This may seem absurd but we do 
a similar thing every day of our life exce)t that we count to 12 in- 
stead of 3. Just think of our system of telling time. 
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An UInusual 4lultipl ication Table 

We siiall now use the four symbols, 1, -1, i and -i. The ooeration 
whici combines these symbols will be called multil-ication since it 
follows the usual rules of real algebra exce zt tiat whenever i aoiears, 
it is replaced by -1. Tihe reader may recognize the i and the -i as 
the "imaginary" numbers introcluced in elementary alqebra for thie our- 
nose of oroviding a solution for every quadratic ecuation. The multi- 
Plication table below summarizes all operations. 

x i -1 -i 1 

i -1 -i 1 i 

-1 -i 1 i -1 

-i 1 i -1 -i 

1 i -1 -i 1 

fo find thie Product of i. and -1, locate in the table the row headed 
i at thle left side. Go across tile row to tlhe right until the column 
is reached which is iheaded -] at the too. There tue number -i is found 
and this is the product of i and -1. 

Fverv ooeration of multiulication Yields one of the four symbols, 
i.e., we never ~ot awav from one of the four symbols. 

If we substitue in tiiis table + for x, 0 for 1, 1 for i, 2 for -1, 
and 3 for -i, we have exactly the addition table above. In othier words, 
these two tables are fundamentally the same in this res0ect. Thiere is 
a one-one correspondence between the symbols suclh thlat if 0 in the 
first table corresoonds to 1 in tiie second table and two in th-e first 
table to -1 in the second table then 2 + 0 in the first table corresoonds 
to lx(-l) in thie second. Fach table involves four symbols and there is 
one defined ooeration. An o )eration between two different symbols or 
between two like symbols slways yields one of the four symbols. There 
is a symbol in each table whicn has no efTect on the other symbols 
whien it combines with them, i.e. thiere is an ooeration whilch leaves 
evervthinf unchanged. This symbol is called the identity svmbol.It 
is 0 in thie addition table and 1 in tthe multiAlication table. Fverv 
symbol has an inverse, i.e., whatever one symbol does, thiere is an - 
otlher symbol t1hat undoes it. W'niatever o.)eration you oerform you can 
undo it. In otther words, two unique symbols combine to form thie 
identity symbol. 

3 + 1 0 -1x -1 1 

2+22 0 1x 1 1 

0 + O = O x _i 

This content downloaded from 193.255.248.150 on Fri, 30 Jan 2015 16:21:19 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


212 MATHEMATICS i.l AGAZINE (' a r chl - Ao r i l 

Operating on a symbol with 3 and then witii 1 gives us back thle 
original symbol since 3 +1 =0. Similarly operating on a symbol with 
i and then with -i gives us back the original symbol. 

The associative law holds, i.e., we can group the symbols as we 
desire without changing the symbol which is the result of the ooera- 
tion, i.e., 1 + (2 + 3) =(1 + 2) + 3. (i x-i) x (-l)=i x(-t X-1). 

In both tables thie oiperation is commutative, i.e., 3 + 1 
1 + 3. i x .i = -i x i. We can chnange tihe order of two symbols in tne 
ooeration without changing the symbol whnich' is t'le result of thie o,- 
eration. In each case the four symbols constitute what mathematicians 
call a finite commutative or abeiian grou,). Thie theory of grou)zs is 
an imoortant mathematical concePt and is called by an eminent mathe - 
matician "the key to modern algebra and to modern geometry." (Tale 
conceot that everv algebraic eauation is related to a group was first 
develooed bv Evariste Galois, a matlhematical genius who was killed 
in a duel in 1832, at the age of 21. The storv of his life reads like 
fiction and his untimel y death reminds one of l4oselev's fate at 
Galliooli.) 

Colors as Number Symbols. 

For a moment l et us look at thie symbol s 0, 1, 2, .. ., 9 as t'he 
usual everyday numbers of arithmetic. We now propose to use colors 
instead of number symbols to reroresent values of a chosen unit of 
measurement. (Tilere is no reason we cannot nmeasure a deflection of 
a oointer bv colors.) We are only interested in multiples of ten, 
i.e., the unit we shall use in our measurements is such that for our 
purpose values between 0 and 10 are of no consec'uence physicallv. 992 
and 994 reDresent inconseeuen.tial dilerences from 990. We shall use 
a linear arrangement of three colors to reoresent a given value. Tle 
following table is set UD. 

Color Number Color Number 

Black 0 Green 5 
Prown 1 Blue 5 

Bed 2 Violet 7 
Orange 3 Grav 8 
Yellow 4 White 9 

For examole, (red brown green) gives the value 215 in ordinarv 
nuimber symbols. From the table red is equivalient to 2, Brown to 1, 
and green to 5. nut the third color is a multiolier. It does not stand 
for 5 but for multirpllcation by 1 followed bv five zeros. So this 
linear arrangement of colors reoresents 2,100, 000 or 21 x 105 units. 

(brown green green) reroresents 1, 500,000 units. lHence wecan re - 
oresent any value in multirples of ten from ten to 99,000,000,000. You 
may consider tihis system rathier farfetcnied but actually it is in LIse 
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today bv radio engineers for use on resistors. tne unit being the 
ohm . It IS auite convenient to nave colors since they stand olut vis- 
uLallv better tflan small numbers, and their value is not imoai red bv 
slight erasure. (Of course, you mav facdtiousl v remark that the 
engineers must not be color blind.) 

Re Add to Plultip Iv. 

Sometimes in arithimetic the oDeration of addition seems to be 
Drincioally multiolication. For examole, the addition of the fractions 
3/5 and 2/7 consists of four ooerations, tlhree of which are multi- 
Dlication. We multiDov 3 bv 7, and 2 bv 5. The sum of tthese two 
Droducts is the new numerator. The denominator of the sum is thte 
Droduct of 5 and 7. We now oropose to let one number symbol have a 
one-one corresoondence with another, and bv doing so we shall sub- 
stitute ordinary addition and subtraction for multlolication and 
division. 

1 2 1 8 16 32 )4 128 256 512 1024 2048 4096 
0 1 2 3 4 5 6 7 8 9 10 11 12 

Thle line is evenly soaced into twelve divisions. We start measuring 
from 0 tIirouah to 12. Above the line each number after the first is 
double tthe Dreceding number. lhe line together witth numbers above and 
below can be similarly extended as far as desired. There is a one-one 
correspondence between the numbers above and below the line such that 
the arithmetical sum of any two countina numbers below the line cor- 
responds to tne Droduct of the correspondina counting numbers above 
the line. 3 + 5 =9. 8 x 64 =512. Tile arithlmetical diSerence of any two 
countino2 numbers below tne line corresponds to the division of the 
corresponding counting numbers above the line.; 9 -5 = 4. 512 * 32 = 15. 
We interoret 0 and 1 as signi fying that addition of 0 corresoonds to 
multiplication by 1, i.e., 0 is the identity number for addition and 
1 thle identity number for multiolication. Thie scheme as outlined is 
too limited to be of practical use. We can draw uo another scheme 
which is far more efTective. 

1 2 3 4 5 6 7 8 9 10 
0 .3 .48 .6 .7 .78 .85 .9 .96 1 

The numbers above the line are simoly t'ne oositive integzers in 
order. We cannot explain briefly how the nuinbers below the line are 
obtained but our ouroose is merely to show that a one-one correspon- 
dence between number symbols can be set un so that addition in one 
case corresponds to multiolication in the other, and subtraction to 
division. 

This content downloaded from 193.255.248.150 on Fri, 30 Jan 2015 16:21:19 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


214 iMATHFMATICS MAGAZINE (0arch-Ao ril 

.3 + .6 .9 .96 - .48 .48 

2 x 4 8 9;* 3 3 

Actuallv we can ,Yo beyond thie scale as shown. 

1 + 1 2 .6 + 1 1.6 

10 x 10 100 4 x 10 40 

2 + 1 3 .7 + .9 1.6 

100 xlO 1000 5 x 8 40 

(Tnie reader may recognize that we have been using the orincioles of 
logaritthms a!id slide rules.) 

Calculating by Dozens Instead of Tens. 
Let us consider our method of reoresenting numbers greater than 

9. For simolicity let us take the four dizit number, 4302. Actually 
this is a condensed relresentation of (4 x103) + (3 x 102) + (0 x 101) 
+ (2 x100), where 100 is another symbol for unity. The representation 
4302 is simply a linear arrangement of tihe multioliers of 103, of 
1 02, of 10 , and 100 . Since the val ule of a digIt in a number dep- 
pends uoon its position with resoect to the otlher digits in the same 
number, the place occunied by a symbol is fully as important as the 
meantng of the symbol Ltsel f. For the same reason a zero multiplier 
cannot be omitted as it hiolds o-en a oositton in the display. This is 
quite obvious in such numbers as 10,000, etc. . In the number 111, due 
to position each 1 has a dilerent meaning. When we mul tiply 2 xc), we 
have no single symbol to reoresent the result and hence condense 
1(10) + 2 to 12. When in a multi -diit nuLmber we multip]y 3 x5 and 
"carry" 1, this "1" may be a multicdier of 101, 102, i13, etc.. We 
know which it is bv the oosition of the 3 in the number heinz Mrulti- 
plied. We automatically olace the 1 in tne correct column. So long 
as a product of two intezers is less than 10, a single syrmbol ex- 
presses the product but if the oroduct is greater than 9, we must 
use our positional notation. It is quite clear that we ourselves have 
bestowed these soecial meanings u,)on the nunber symbols ancd in fact 
it took many centuries before the present result was attained. If 
you areindoubt as toits efhiciency, trv multiolyin,r in Poman numerals. 

We are so accustomed from childhood to this decimal representation 
that we entirelv forget that not only are otlher systems possible but 
that history tells us that they have been used in the past by various 
di[lerent cultures. Let us consider iiow we miglt be writing our numbers 
today if nature liad ziven us six fingers on each hand. In fact.ttiiose 
cultures wtho used the vigesimal (counting bv twenties) system ap- 
Iarently continued their counting from ten on to 20 by using their 
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toes. A duodecimal reDresentatlon means that we count lY twelves, 
i.e., we substitute 12 for 10 so that we have (a x123) + (b x 122) + 
(c x 121) + (d x 120) for a four dizit number abcd in tlliis system. 
However a is a multiplier of 123, b of 122, c of 121, and d of 120. 

We must have twelve symbol s and a, b, c, and d can be anyone of 
them. We can use our usual symbols from 0 to 9 for ten of thiese 
symbols. Then we invent 0 for 10 and 0 for 11. When d for exarnole 
exceeds d, we use a two digit number. 

Decimal Sys tem Dfodectimal Sys'tem 
10= 0(12) +10 2 x 2 4. 3 x 3 =9. 
11= 0(12) +11 2 x 4 8. 2 x 5 = : 
12 1(12) + 0 10 3 x 4 10. 2 x 6 =10. 
13= 1(12) + 1 11 2 x 0 z1 
14: 1(12) + 2 12 2 x 10 38. 
18: 1(12) + 6 15 4 x 9 30. 
20= 1(12) + 8 18 2 x 50= 00. 
22= 1(12) + 10 10 2 x 60 100. 
44= 3(12) + 8 38 
60= 5(i2) + 0 50 

144 1(122) +0(12) + 0 100 
70- (5)(12) + 10 50 
71= (5) (12) +11 5~ 

Fractions 
l1ectmal System l)odecimal System 

1/12 .0833... 0.1 
2/12 . gG...0.2 

.25 0.3 

.3333... 0.4 

.41666... 0.5 

.5 0.' 
11/12 0.6 

To convert 1/10 in the decimal svstem to the duodectmal svstem: 

1/10 - 1/12 1/60 1/(5)(12) 

1 2/5 2 2/s 
(1/(5)(12) 1 2 2+ 

122 122 122 

2/5 24/3 4 4/5 

122 123 123 123 
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4/5 48/5 9 3/5 

12 3 1 24 12 4 124 

The comolete duodecimal representation of the decimal fraction 1/10 
is 0.12497. 

Today there are people who insist that a duodecimal system would 
be better than our decimal system.- Since 12 caii be equivalentlv 
written as (2)(6), (3)(4), and (3)(2)(2), while 10 can be written 
onlv as a oroduct of the prime facLors, 2 and 5, more common fractions 
would be terminating or finite in this duodecimal system. Ttis is 
shown above. 

If you were buying 20 eggs in the duodecimal system you would 
exoect to receive two dozen. An object 10 inches long would be one 
foot in length. 100 sauare inches =1 square foot. 1000 cubic inches= 1 
cubic foot. 1 foot = 0.4 vard. 

By changin- the meaning of tne symbols and leavingp the oDerations 
unaltered we arrive at results which diFTer from ordinary arithmetic 
but whichi are just as valid. In the United States some of our common 
units of measurement are certainly hybrid in origin. With their 
oounds, guineas', shillings and pence, thiesterlina countries are at 
least more consistent in their confusion. 

Milford. Texas. 
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CERTAIN TOPICS RELATED TO CONSTRUCTIONS 
WITH STRAIGH4TEDGE AND COMPASSES 

( semi -PODul ar) 

Adrien L. fleas 

Tntroduc tion 

Closely rel ated to the orobl em of geometric constructions are 
certain topics which serve to extend and enrich the usual conception 
of such constructions. flie topics reoresent various facets of the 
problem whicii have been developed within the last one hundred sixtv 
vears. Of suctI tooics. the thiree most closely related to aeometric 
constructions are: Geometrogranhy, Paoer-folding and \Vatch Stick 
Geomet rv. 

Geome trography 

In 1833 Steiner (17), an outstandingz German matihematician, suuaested 
that everv construction in geometry should be studied so that the 
solution used would be the simolest, the most exact, and the surest. He 
also prooosed that this study should include constructions in aeneral, 
and constructions made under limitations as to instruments used and 
with obstructions existina in tihe olane. Nothina seems to liavemateri- 
alhlzed from the outlining of thiis problem until, in 1884, Wiener 
solved several constructions for whicii he counted the number of 
circles and straifdht lines drawn (2). 

Lemoine, who made the first systematic aporoach to tlhe oroblem, 
i)resented his initial ideas to the leadin,t Frenc'h scientific soclety 
o f his time in 1888. In less than fifteen years he wrote more tlian 
thirtv notes and memoirs, which aroeared in many matliematical and 
scientific journals, in which he arnDlifled and extended his ideas on 
Reometrofrra)1iy. Starting in 1888 with qzeometrorrarhy as applied to 

strai_htedc1e and comoasses construction, he iiad extendled his system 
by 1894 to include descriptive zeometry and by 1902 to include geometrv 
of thiree dimensions (9;10). In 1902 Lemoine summed u) iiis development 
of aeometroxrao0iy in his book Ceometrographie, ou Arts des Construc- 
tiones Geometriques (11). 

Altlhoum-h CeometroaraDhy was develooed mainly by Lemoine, its growth 
was aided by the contributions and comments of many writers in England, 
I'rance and Germany. Other systems of reometrograohy were devised by 
Paooeritz (13) in 1908 and by Gruttner (8) in 1909. Lemoine, G-1odeaux 
(7) and Adler (1) extended the system to iviclude tools other than the 
straiRlited&e and comnasses. In 1929 Fuckev (18) devised a system of 
jeometrograohy in which he considered only the settlnas of the strailrht- 
edge or comDasses and the number of straight 1 ines or circles drawn. 
Some recent college geometry textbooks (4;16) include a brief dis- 
cussion of rreometromraohy. 

217 
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Lemoine chose two operations for the straiglhtedge and three oper- 
ations for the compasses as the fundamental operation in his system 
of geometrography. The five operations and their symbols are: 

(1) To 1lace the straightedge On a 
gliven Doint 

(2) To draw a straight line with a 
s t rail .h tedg)e 

(3) To place one point of the com- 
passes on a given point C1 

(4) To place one point of the com- 
Dasses on any point of a line C2 

(5) To draw a circle C3 

if, in a construction, these operations occur resPectively al a2' 

b1, b2, b3 times, the symbol for the construction is a1?R + a2R2 + 

blCl + b2C2 + b3C30 The total number of ooerations is the sum a1 + a2 + 

bl + b2 + b3, which is called the coeflicient of simolicity (S). The 

sum a1 +bI+ b2 is the total number of coincidences and is called 

the coefficient of exactitude (E). 

The system will be illustrated by Swales' Construction for finding 
the radius of a circle when the center 0 is not given. 

p0W 

With any Point 0 on the given circle O(P) and any 
convenient radius r, draw circle D(r) to intersect 
O(P) at H and E. C2 + C3 

With E as center draw circle E(r) to intersect 
0(P) at CandD(r) at B. C1 +G3 

Draw the straiglt line BC to intersect 0(P) at A. 
AB is the radius of thle circle O(P) 2R1 + R2 
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The symnbol for the entire construction is 2fl1 + k + C1 + C2 + 2C3. 
The coeTicient of simolicitv is .S = 2 l +1 +11 +2 = 7. The coefficient 
of exactitude is E = 1 + 1 + 2 + 4. The construction with the smaller 
coefficient of sinrnlicity is considered tue slmoler construction. 

Paper Fo1d ing 

Althoughi, hlistorically, the fol dina of materials and the making of 
knots are Quite old, t1neir ao:)lication to geometry has been made in 
more recent times. It was about five hundred years ago that the -reat 
German, Albreclit Durer, who was interested in geometrv as well as art. 
first showed that the regul ar and semi-reaul ar sol ids could be con- 
structed out of oaDer by markiny the boundaries of the oolvaons, all 
ln one piece, and tiien folding thie oolyaons along the connected edrzes 
(3). The first Enalisii translation of Euclid's Elements, orinted in 
1570, included a most interesting feature. In the eleventh Book of 
the translation, figures made of )aoer were ,basted in such a way that 
tiiev could be oDened uo to make actual models of space fioures (14). 
9ver a centurv later Urbano DAviLso, a student of Cavalieri, oublished 
a work in Bome entitled Trate de la Snhere. in which geometric con- 
structions were worked out by means of oaoer folding. The formation 
of a regular hexagon and a re7ular oenta-zon by means of knots, a ty,oe 
of oaner foldinr, is attributed to hlim (6). 

In 1893 two men of different nationalities and in widely separated 
countries wrote works on oater fol ding. Wiener, a teacher in a German 
rolytechnic school, showed how to construct regular convex oolyhedra 
bv raJer foldin! (2). Row, a mathematician of Indcia, wrote a book in 
wnichi he gave a more complete treatment of caper folding (14). This 
work was translated bv reman and Smitli in 1901 and the book became 
readily available in this countrv. 

In 1905 another book, entitled First Book of Geometry, apneared 
which used oarer folding. The authors Grace C. Young and W. H. Young, 
feelln_ that Row's book was too advanced for children and too ouerile 
for adults, wrote their book to meet the needs of children. In 1908 it 
was translated into German under the title Der Kleine Geometer (20). 
The book is desianed to give instruction to young children in funda- 
mental ideas of olane and solid geometry. No oarticular aroparatus is 
needed for the constructions chosen and these constructions can be 
made and understood by children four and five years of age. Besides 
the usual fundamental constructions of geometry, other constructions are 
given in the book to develop understanding of the conceot of inequality, 
regul ar ool ygons, oarallel lines and olanes, and the theorem of 
Pvthagoras. 

As shown bv Yates (19) with Properl y chosen postulates, all con- 
structions of plane geometry that can be carried out with a straight- 
eage and comoasses can be executed bv paoer foldinc. 
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1'!Wat CAt Stick Geometry 

\latch stick geometry, devised by Dawson (5) in 1939, uses as its 
sole tool a finite suoply of match sticks of equal lenath. For his 
aeometry lie chose four oostulates: 

(1) A straiTht line may be laid to pass ttirouah a 
given point, or with one extremitv on a given 
point. 

(2) A\ line may be laid to pass throuah two given 
points, or with one extremity at one given 
point and passintr through a second point, 
but th-e two ooints may not be such as lie in 
a Riven line or laid line. 

(3) A line may be laid witnA one extremnity at a 
gziven po int and its other extremity on a 
frIven line. 

(4) 'fwo lines may be laid simultaneously to f o rm 
the sides of an isosceles triangle, two o f 
their extremities coincidinc, and the other 
two being given foints. 

Two lemmas and an assumption comOlete the geometry. The lemmas are: 
A given l ine of a 1 enmth less than, ecual to, or greater than the 
lengtLi of a matchi stick can be bisected; a line can be laid tihrough 
a given point and parallel to a given line. Since a circle cannot be 
drawn, it is assuimed that a c-ircle is determined when its center and 
a point on the circumference are given. 

The construction of a hal f hexagon is c'laracteristic of tlhe ooer- 
atLons of this geometry. The equilateral triangle ABC is constructed. 
On side BC the equilateral trian01e RC') is constructed witn D distinct 
from A. On side PB the equilateral triangle DBE is constructed to 
form thie 'half hexagon AcI)E. Thus AB is extended in a straiRlit line so 
that AE = 2AB. [his construction also gives a way of constructing a 
1 ine oarallel to a given line, for CL) is paral lel to AB. 

Under the oostulates and the assumcDtions stated above, it is i3os- 
sible to ozerform all constructions which are possible with a straighlt- 
edr-e and comoasses. 
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PROBLEMS AND QUESTION'S 
Edited bh 

Rooert E. lorton, Los Anzel1es City Col1e.-e 

ileaders of this department are invited to submit for solution problems 
believed to be new and subject matter questions that may arise in study, 
in research, or in extra-academic situations. Proposals should be 
accompanied by solutions, when available, and by any information that 
will assist the editor. Crdinarily, problems in well-kcnown textbooks 
should not be submitted. 

Solutions should be submitted on separate, signed shleets. Figures 
should be drawn in India ink the size desired for reproduction. 

Send all communications for this department to Robert E. fJorton, Los 
Angeles City College, 855 N. Vermont Ave., Los Angeles 2.9, California. 

PRnPOSALS 

2G4. Pronosed boy Norman Anning, A4lhambra, California. 

Four ooints are thrown at randonm on a plane. What is thie orobability 
that t,iey will e the vertices of a convex Quadrilateral? 

265. Proposed by Step/ten Arastrong, Union College Schenectady, NJew York, 
X2 y2 

Wiiat is the volutme of revolution of the elise 2 2 = 1 

revolved about tnle line x = y? 

266. Proposed by Huseyin Demir, Zonguldak, Turkey. 

If 41 and W1' are points inverse to each other with respect to the 
circumcircle of a trianale ABC, then prove that: 

Z B4tC + Z844'C = 2 ZA 

Z C1A + ZCf'A = 2 ZB 

Z A"E< + ZA&!'B = 2 ZC 

267. Proposed by Alan Wayne, Cooper Union School ofEngineering, New York. 

lk n- (k -I)n 2 4V 
If Rm k= 1 V/mf+l , orove that iim = 

fRm ,n+1 0 
M n + 

263. Proposed by .J. "'. Clawson, Collegevil le, Pennsylvania. 

Three coaxal circles, centers atA , B and P have the common ooints 
C and D. Any stra1iglt line is drawn through C cutting the circles 
again in the ooints L, V4 and N respectivel y. Prove that the ratio 
LNI/NV equal s the ratio AP/Pb. 

269. Proposed by 44. S. Klamkin, Polytechnic Institute of Brooklyn. 

ao n n- n -21 
Find the sum E [ + n2 3 + n ! xn 

222 
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270. Proposed by Leon Bankoff, Los Ingeles, Cali forniza. 

A maximum circle is inscribed in a crescent formed bv a semiicircle 
and a ouadrant of a circle. Find a -eneral ex.)ress.on for tihe radii of 
consecutlvely tangent circles totehiin2 the sides of thie crescent, the 
first toiciliin- tlhe maximlum circle, Llie second touching& the first and 
SO Oil. 

SOLUTTION.' 

Late Solutions 

223, 230, 231, 232, 234 ( nart "all ) 235 hLichard k'. Guy, (Intversi ty 
of *alaya, Suingapore. 

242. Thomas F. 'lulcrone, St. Charles (College, (;rn(d Coteau, Louis tana. 

Irrationality of W 
243. [Seotember 19551 Prop)osed by W'illiam H. iansomn, 'T'ufts College. 

In X:2 Fuclid proves thlat tle secant of 45? cannot be exoresse(d as 
thie ratio of integers. U1sinz this met,.iod of oroof, )isectin'z thie angle 
and infinite descent, show thiat thie tangent of 30? cannot be exDressed 
as thie ratio of intes,ers. 

s 

X bn-1 

P Q 

1. Solution by the proposer. SPQ is a 30c rizlit triangle with H 
on the bisector of ZSPQ, and RT' Derflendicullar to PS. Thien we Ihave 

= ST PS-PT 20S-POQ-2a -2b an = 7 S-P'=Z) Q=2n_1 - 2bn_ 1 

b = R7'= H S - RS= S-2ST an - 2an 

[fence if tan 30? = a 1/b is the ratio of integers, we can oet a 

smaller triancle in whichi tan 30?= an /bn * al so thie ratio of integers. 

Put if to the members of tie bn equation we add the members of thie 

inequalitv an < bn we vet a + bn < an_ - 2a + b wlience a < 1/3 a 

It follows that an is less than a 3n, and so it cannot be an integer 

for all values of n. This contradiction shiows that ao/bo could not 

liave been thie ratio of lnte-ers. 
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IT. Solution by Richard K. Guy, Unniversity of M1alaya, Singapore. Fhe 

follovin- method does not use bisection of the angle, however it does 
use infinite descent and is essentially equivalent to the proof of the 
irrationality of v'2 found in Hardy. Pure M.lathematics, 6th Fd.. 1933, 
o6. Let ABC be a 30?, 600 riczht triangle withZA = 30?. Angles of 450 
and 600 are also constructed on BA at A whose sides meet BC produced 
3; and E. The perpendicular to /.C at D meets AE at F. It is easily 
shown that if AB a and RC = b then DF = CD a - b and DE = 3b - a. 

1 b a-b 
Tus if tan 30 ? '- then al so tan 30?= . The triangle 

v"3 a 3b-a 

iDF -s smaller tthan ABC, yet has commensurable sides if ABC has. 
Repetition of this construction leads to the reauired contradiction. 

Norrnan AnninT tnointed out that this oroblem appears on D. 175 
of IV. B. Ransom' s book 100 ,Matlhematical Curiosities, 1955, Published 
by J. W. Walch, Portland, M4aine. 

Equivalence of Suims 

244. [SePtember 1955] Propose(d by n .A.Piza, San Juan, PuerCto ico. 

Take any nine consecutive Positive integers and find among then 
(with onl y thiree duilications) two sets of six inte-ers suci tthat 

their sums. the sums of the sauares and the sums of thei r cubes are 
equal . 

Solution by F4. R. Leifer, Pittsburgh, Pennsylvania. Thils is a 
special case of the Tarry-Fscott oroblem. If a1, a2, ... b2 

b reoresents two sets of integers equal in number sucan that the 
integers in eachl set have the same sum, the same sum of squares, etc. 
uo to and including tuie same sum of the kth powers, then 

a 1, a2,. . a. asb +h,b2 +h,. .. b5+ hk+lb1,b2s. .. b, a1 h, a2 +h, ..has + h 

Where h is any arbitrary number. 
Let ao,al,.. .a8 represent thie nine consecutive Positive inteaers.To 
meet tiue conditions of thie problem a0 slhould be included in one of tlhe 

initial sets and suitable h's should be selected so that no integer 

exceedingz a8 occurs in the final set. ao, a3=a l, a2 then a0, a3, a3, 
a 2a1,a 2a2,a5; h = 2 and ao.a3,a 4a 4a"5a,=al,a2'a2,a6'a6, a7;h 3 

whicn is the desired solution. 

(lUseof alternate initial sets and otherh's wi ll Pive thiesame solution) 

Also solved by Richard W. Guy, Universi'ty of 4,,alaya, Singapore; 
Chih-yi !t'ang, University of 41innesota and the proposer. 
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Direct Tntegration 

245.[September 1955] Proposed by Chih-yi. Wang, University of M1innesota. 
/4 

Evaluate / tanx dxwithiout using aooroximationi methods. 

Solution by C.. F.. Pinzka, Princeton, Vew Jersey. Lettina y= tan x 
the gi ven integral becomes 

1 2y 2 0y y r y 
Jf4t2 +1 F2 + J2 

1 y2 - 2 y + 1 1 /2 y 1 
= lorr -- - + - arc tan 2 

2 v' y2+2y +1 A 1- y2 o 

- -1 [loa (V v1) + _] 

Bemark: In a sense this is still not the solution required, since 
77 and log ( /2 - 1) must still be evaluated approximately. One could 
just as well 'Lave oiven a name sucn as Ugh(x) to the series re- 
sul ting from direct integration of y2 _ y6 + 

4lso solved by PFC Billy J. Boyer, Murphy Army Hospital, Waltham, 
Massachusetts; Huseyin i)emir, Zonguldak, Turkey; H. Ml. Feldman, Wash- 
ington University, St. Louis, Missouri; Richard K. Guy, University 
of Malaya, Singapore; Rat ib A. Karam, Universi'ty of F lorida; Joseph 
D. E.. Konhauser, State Col lege, Pennsylvania; Wal ter D. Lambert 
Canaan, Connecticut; Carman E. Mliller, University of Saskatchiewan; 
Lawrence A. Rtingenberg, Eastern rllinois State College; Hazel S. 
Wilson, Jacksontville State Teachers College, Alabama and the proposer. 

,1aclaurin' a Expansioii 

246. [September 1955] Proposed by A.S.Gregory, University of lli'riois. 

Let a function be defined by b f(x) - ax = sin (a f(x) + bx) with 
O<a < b, a2 + 2 = 1. Exoand f(x) in a Maclaurin's Series. 

Solution by Chih-yi Wang, UJniversity of Mfinnesota. Let w=af(x)+ b. 
Then thie given function is transformed, by aid of a2 + b2 1 intd 
F(x,w) = 0, where 

F(x,w) x - bw + a sin w 

aw3 aw a7 aw9 
(1) = x -(b - a) w - + - - + - 

3! 5! 7! 9! 
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Since F(O,0) = 0, F(O,O) - (b - a) / 0, and 

| any coe'+icient of w in (x, w) I < 1, 
it is wel l known that tihe MAaclaurin' s series of w, hence f(x), exists 
and rearesents an analytic function in tihe nePdiblorhood of x 0. Tthe 
majorant series of w(x) is 

W /4 [1 - ( 21 - X (1 - 9x) ] 

Pv suDstitutin'3 w c1x + c2x2 + c3x3 + into (1), and eQuating 
thie coefficients of x successively we obtain 1 = 1/(b - O) 

C2 = ? . 3 = -a/3! (b - a)4, c4 = 0, c5 a(9a + o) /5! ( o - a) 

C6 = 0, c7 = -a(225a2 + 54cab + b-/7!(b a) 10, c 0, 

C9 = a(11025 a3+ 4131 a3o +243 a'2+b3)/9!( b - a) 

llence, by aid of a2 + b2 1, we zet 

b + a x3 (9a + b)x5 (225 a2 + 54 ab + b2)x7 
t(x) = - x +_ 

o - a 3'(b - a)4 5!(b - a)7 7!(b' - u) 

(11025 a3 + 4131 a2b + 243 ao2 + b3)x9 

9 !(b - a) 13 

Note that tthe method of un-determined coefficients can be aDnl iedl to 
the followin? well known more general oroblem: 

Let the following relation be given 

F(z,w) 0Ahwh = O 
h =0 

he-e co 

Ah(z) = ahkz h 0,Of 1 l 2, 
k=O 

such thlat | ahk| < L41; h, k = 0,1, 2, . ( is independent of h and k), 

F(O,0) a a = b' F (0,0) = a1o / 0. 

Flien we can exoand w in toe neivh>orhood of z=O to the followinsT form 

1 2 3 ww= C1Zc +C2Zs +C alyi + .. 

whichl rePresents an anal ytic function, whlose ma jorant series is 
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1~~~~~~~~~~~~~~~~~~~~ 
W=2(t 1 + ) L ( -z)? 1 - i 2,V) 2z}2 

The aziven oroblem is a verv soecial case of thie general orolilem. 
Also solved by Utichiard !<.Guy, (niverstty of Malaya, SLrzgapore. 

A Greatest Imiteger Fuinctionl 

247. [Sertenmber 1955] Proposed by Julian 11. Braun, W'hite 8ands lProving 
Ground, /Vew TVexico. 

[3n /41 u 

lIedtice f(n) = E 3 3i to tae form [i(ti)] where 
k-1 j=1 

u=n -[(1k - 1)/31, g(it) is a ;olynomial and [x] denotes thie f reatest 
inteXrer less than or eoual to x. 

1. S`o lutioII by the proposer. 

3i, 

3L + 3' + L () 

f(n + 4) - f(n) = 3(3n 2 + 15n + 20)/2. 
Now let f(n) [an3 + bn2 + cn + d]. Trhen 

f(n + 4) - f(n) = 12 an2 + (48a + 8b)n + 64a + 1'b + 4c 
12a 9 9/2; a 3/8. 48a + 8b = 45/2; b = 9/16. 
64a + 16 b + 4c 30; c=-3/4. Tfierefore 
f(n) [(3/16)n (2n + 3n - 4) + d]. We find 
f(?) = ? = [d], f(1) = 0 [3 /15 +d], f(2) = 3 = [15/4 + d] 
f( 3)= 12 = [207'/16 + d], wlence 0 < d < 1/16. 

The sirmlest form for g(n) is obtained by setting d = 0. 
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II. Heuristic treatment by Richard K. Guy, University of 4lalaya, 
Singapore. To develop a formula for g(n) we calculate the first few 
values, tabulate, then find the first, second and third differences. 
The tnird differences recur and average 9/4. Th-e leadingf term is thiere- 
fore 9/4,n3/6 or 3/8n3. Tthis can be obtained by observing thatthe 
sum is three times the number of ooints in three dimensional s-iace 
with integral coordinates inside a tetrahedron wlhose oerpendicular 
edges are about n, n, ( 3n)/4. That is: 

3 * 1/3 * 1/2 n2.3n/4 = 3/8n3. 

Next calculate t'le difference between the actual values and 3n3/8. 
These have their second differences recurring and avera-ing 9/8s- This 
gives a second term of 9/8. n2/2 =9n2) /16, Continuing in tilLs 
fashion the thlird term is -3n/4 and the fourth term is 0, -3/1i, 
-3/4 or -15/16 according as n = 0, 1, 2, 3 (mod 4). These all lie 
between zero and -1 so the result g(n) =(3n)/16 (2n2 +3n - 4) follows, 

Also solved by Chih-yi W'ang, Lniversity of Ilirinnesota. 

Collinear Points 

248. [Sertember 1955] Proposed by Huseyin l)emir, Zonguldak, Turkey. 
Let V1 and V2 be two plane curves. Let t be a variable line inter- 

secting these curves at the ooints 44 112 whiere the tangents t1 and 
t to the curves are parallel to eacih other. Prove that the centers of 
curvature C1 and C; of F1 and F2 at 41 and 412 are collinear with the 
cAaracteristIc point C of the straight line t. 

Solution by the poroposer. Considering thie new nosition t Iof t 
very close to t, we ihave Al f411/sInA.O =C 'IV1/sin WI where l'I is 
close to 411 on F1, andAO = (t,t'); tihe angle between t and tt. 

Infini tesimal lv 

ds,ldt9 = Glf1/sin 4,., kt= ( t, t 1) 7T 
and sinilarlv ds2/dO = CV12/sin '2' = ( t, t2) 7 

liavings sin sin as t is oarallel to t we get 

ds1/C4=11 ds2/C-V2 
which in turn yields 

(ds 1 /da)CM 1= (ds2 /d a)C42 
i. e. 

1 /Cl1 = 2/C 2 
where da is the infinitesimal angle relative to the oarallel normals 
at 41 ,p2. and R1,R2 the corresponding radii of curvature. The last 
eauality proves tile statement. 

Also solved by Richard K. Guy, University of *alaya, Singapore 
and Chih-yi Wtang, (iniversity of Iinnesota. 
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A Polynomial of Degree n2 
249. [September 1955] Proposed oy 1)avtd Sayre, Ib15 Corp.,New York. 

Tihe zeros of a polvnomial P(Z), of degree n2, all lie on the unit 
circle and are expressable as exo i(a, - ak) witij, k 1,2,3,...n.T.e 
a' s are a set of n unknown real numbers. What can be said about the 
coefficients of thle rpol ynomial? 

Solution by Chlih-yi gang, tniversity of Minnesota. Let P(z) be 
written in the followin. form: 

P(z)= K [zn2 + ;_1)rC rzn2_r1 K ?/ 0 

Then we can say that all Cr are real symmetric functions of a's 

fulrthermore C 2 1, Cr C 2 for r 1, 2, . .., n2_1, for P(z) 
n n - r 

can also be written in tule factored form: 

P(z) = K(z - 1)n n [(z2+ 1) - 2z cos (a - at 

where s runs from 2 to n 2 and t runs from 1 to n 2 - 1. The last 
propertv of Cr mentioned above follows from tthe fact thie P( z) ts 
a reciprocal ec-uation. 

Also solved by Richard K. Guy, Utniversity of 4alaya, 1Singaoore. 

Guy pointed out that the coefTicients could be exoressed in the 
fol lowing form: 

For n 1 : x - 1 

n 2 : (x - 1)2 [x2_ 2x cos (a1- a 2) + 1] 
and in aeneral 

(x - 1)n [xn -n - 2xn -n- 1 cos (ai a1) + ... + 1] 
i>i 

QUICKI ES 

From time to time this department will publislh Problems which may be 
solved by laborious methods, Lut wlhich with the proper insight may be dis- 
Posed of with dispatch. Readers are urged to submit theirfavorite Problems 
of this type, together with the elegant solution and source, if known. 

Q 165. Tihe rectangular axes x and y are rotated through an angle a0. 

dY d2Y 
I f tihe new axes are designated as X and Y. find - and in terms 

dy d y 
of - and 2z [Submitted by 1lenry P. Fet tis.] 

dx dx 

Q 166. Can the suri of the cubes of the first m consecutive integers 
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eaual t'Le sum of the culbes of tuie next n consecutive intezers? 
[Submitted by fluseyin Demir.] 

Q 167. Prove tliat 1 + 1/3 + 1/5 + ... + 1/2rn - 1 for n > 1 can never 
be an inte-ier. [Submitted by i. S. Klankin.] 

Q 163. Evaluate the determinant 

a2 + a2 ab + de ac + df 

A = ab + ie +b2 e2 bc + et 

ac + df bc + ef c2 + f2 

[Submitted by Seltig Starr]. 

Q 169. Show that if u,v are odd and p > 0, t'Aen 

(u2 m _ v2Pm ) (u2Pm _ 
-2PM) = 2P-1 (24! - 1). 3-; and inte:rer. 

(u2m - v2n) 

[Submitted by R-ichard C(. Bartell.] 

AN SIWERS 

sp , sp 
-Z ' _ cuiienna AQ puinoj 

I ue afeua ozlTua^a;sol a>' 

| (-D~ SO ] + i J 1) p 

xp~~~~~~l 

S 03 + - -' = - i 
l ~~~~Az p Az P 

p Ain~~~~p 

' 

Z/9 [Z P) ] Z/(Z( 

x(p k n 

V um~~~~~~~~~~~ - 9 U ~ ~ ~ ~ ~ ~ ~ ~ ~ 3ua 

/sualSAS aoeuspuooD Ul UARIJIID atjJ ACq pavae un si o aln'UgAjnU aJI -9a 

Xp 
g oo + u-ts 

xp APt 'O UIS- Soo 
Uoe: uel + 

Jo - ,,ueA uau a AjaAI'3,aadSaJ saxeO V\ PUB x aa (T' I 

PUB gu Sa IbUe saIRL aArl:zO Aisallc;se ue ol Iua'Oug,4 al"A .I5 
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'(I - I'Z)1- d3 lo (I + 2TP)1_-dZ s[P1b;3 lualoL"1On G101 1 SMAOU1OJ 

,1 (I + qv)3 WillO allp Jo Si () Jo SJOVDLJ I - d 01I Jo lpea az2u) 

T + I(t WJOJ al) Jo lDea ase b (U0) 'b,(wn) PLB 'I - fZ UIOJ at) JO SI 

112 a 'ppo a)jL an TZ)UI5 *SJOVDLj I - U StilUlUOD 2Ulal101i2 all{ ajUall 

[ug- wzn] [Z(0a) + Z (wn) 

[-dZ (u) + e- d zw) [I-dJ ( u4 + Id w") = 

dZ (u') -dZ ( wn= ud a- 
wr 

d~ WdZ 691 V 

*OJd1' Si 1!2111M Li osazsl lDllAl\ 0 9 

2ueuiwxaiaap aMl{2 Jo ajePIIs al l SI e y e [ s 1 *891 v 

* uaualales teuiLijo aqI SaAoJ0 1211ZATM UOI aI[JJ1euOD e SI Slt; 

-IOU saop apfs Iai 2 [ [al a1m d JO2eULUOUa) C Sell apjS 2H,>iJ at) 2rti 

d 

* _d S =U/- - I - j/I+ + ? ?/I ? ?/l + I 

uaLjj -wijU c sait aiatjI nZ pue 2) uaahwiaq azuis i5 - Ut > (a 1 0 

1a11 JflWl Jalo0 AuU at-' 'Iou I ttm aJavLL -1 - ut O2 tunba Jo 11UL121 ssal 
auWij1 Isa11a%1, alJ2 act a 2fal pum teizaUaui Si W ns all2 aunssV L9TV 

*OU SI J1aMSUU alJ2 alJOjaJaJll_J -atSSOW SI UoLWUnba aseI Sltp Inji 

(I + tJ + WJ)(U+ W)5/ = 
/ (I+ W)W Zj OS 

Z [(I + U + W)(U + W) /J = (I + W)W,j] JO 

( + W) + * + Z + ((w + + U? + ) !1 

?(u + W) + + + W) + + Z + gI 1 99T V 

TRI CKI ES 

A tricki e is a probLlem whose solu tion depends upon the percep tion 
of thekey word, phrase oridea rather than upon a mathematical routine. 
Send us your favori te tricl:ies. 

T 21. Given a standard 8 x 8 chess board. Blemove the two diatzoralIY 

opoosite scTuares. Can this altered board be covered by 31 tiles, eac'i 

tile of dimension I x 2 squares, without -ao or overlaD9 
[i?ubrnLttedl bY H.P<. 3eitoii] 

T 22. Solve the simultaneous system 

cos A cos B + sin 4 sin B sin C = 1 

sin A + sin B = 1 

A + B + C = 180? [ Submitted' by M. S. .Klamkin] 
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T 23. In France during tthe war when tobacco was scarce, it was cus - 
tomary to save ciuarette outts and roll new cliarettes out of tiheir 
tobacco. I f one cigarette can boe rolled from three Outts, wliat is the 
total number of cigarettes onie can aet from an ordiinary Qack of 20? 
[Submittedl by Paul B. Johlnson.] 

SOLU 'FI NS 

'UaAa sI !JUIq4AJaAa puB innq ata UJnflaa Ie<3lc {iauv, 

ap aMows a, -alOwIS -ABS noA -iinq pcaj o oq siTJ2 ancp3 e eTM Inr 
aaaale LpO iz0 no ajew am tlDiqtA pims 

'puaiij pulj e woJj iinn e tAoajoq am puL ui sinnq paIiv Oh' all A 

111 '6Z auvi a-jew am slnnq inoj LUoaJ salailZ OAX2 p aI A 

s2nnq mau xis aqI siinq axeos OM' Y t4Z pLia tjj asj Saj'ajB 9 U,tT 
woij svinq OZ ptaiA O 1sIJj al, jj Sal Vad3o1 O2 'la6 ue au S S 

aua1SISuoDul adu Suoiuenba ala adojalaijl uolenb)a 
puoDas atp } AjsWles aou saop siq, q ni 1 06 =D pue j =n srnii 

* (8 - V) SOD WB14'j SMO[ [Oj 'II UOi2fiJP PJB! pue sJIJ al'I WOJJ4 'Z 

.Joo1 2luaJap :p J o Sade Mfs 

OMN\ lJAOD 1 SnW a tla z x IX q3ea a I1HM 'JOIO? awes atpI Jo saderbs 
OcAV SaAOWaJ siauJoo aqisocldo AtleuoZeip ON\ aq, JUIAOWua 'ON TZ S 
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MISSILE SYSTEM*lS MATHI E MATICS 

The technology of guided missiles is literally a 
new domain. No field of science offers greater scope for 
creative achievement. 
The increasingly complex problems associated with missile 
systems research and development are creating new 
positions in the following areas for Mathematicians possessing 
exceptional ability: 

* Guided Missile Systems 
* Nuclear Physics 

* Computer Research and Development 
U Engineering Management Problems 

Inquiries are invited 
from those interested 
in personal development 
in an appropriate 
scientific environment. 

rnr 

MIS SILE SV'STEMS DIVISION 

research and engineering staff 

LOCKHEED AIRCRAFT CORPORATION 

VA N NU-YS, CAALIFORNIA 
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